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Abstract. We investigate possible quantifications of the Dunford-Pettis prop- 
erty. We show, in particular, that the Dunford-Pettis property is automatically 
quantitative in a sense. Further, there are two incomparable mutually dual 
stronger versions of a quantitative Dunford-Pettis property. We investigate 
their relationship with a quantitative Schur property and prove that spaces 
and C(K) spaces posses both of them. We also show that several natural 
measures of weak non-compactness are equal in spaces. 



1. Introduction 

A Banach space X is said to have the Dunford-Pettis property if for any Banach 
space Y every weakly compact operator T : X ^ Y \s completely continuous. 
Let us recall that T is weakly compact if the image by T of the unit ball of X is 
relatively weakly compact in Y . Further, T is completely continuous if it maps 
weakly convergent sequences to norm convergent ones, or, equivalently, if it maps 
weakly Cauchy sequence to norm Cauchy (hence norm convergent) ones. 

There are several well-known classes of Banach spaces with the Dunford-Pettis 
property. For example, any Banach space whose dual has the Schur property, the 
space C{K) of continuous functions on a compact Hausdorff space and the space 
for any non-negative cr-additive measure have the Dunford-Pettis property. 
The proof of the first case is an easy consequence of the Gantmacher and the 
Schauder theorem and will be commented below. The other two cases are proved 
in [181 Theoreme 1] and outlined also in [20l pp. 61-62]. 

A complementary notion is that of the reciprocal Dunford-Pettis property. A 
Banach space X has the reciprocal Dunford-Pettis property if for any Banach space 
Y any completely continuous operator T : A — > y is weakly compact. In general, 
the classes of weakly compact operators and completely continuous operators are 
incomparable (the identity on I2 is weakly compact but not completely continuous, 
the identity on is completely continuous but not weakly compact). The spaces of 
the form C{K) where A is a compact Hausdorff space have both the Dunford-Pettis 
property (see the previous paragraph) and the reciprocal Dunford-Pettis property 
(see [H p. 153, Theoreme 4]). 
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In the present paper we investigate quantitative versions of the Dunford-Pettis 
property. It is inspired by a number of recent results on quantitative versions of cer- 
tain theorems and properties. In particular, quantitative versions of the Krein the- 
orem were studied in [12l 1151 [TBI [7]. quantitative versions of the Eberlein-Smulyan 
and the Gantmacher theorem were investigated in [2], a quantitative version of 
James' compactness theorem was proved in [6l [17], a quantification of weak se- 
quential continuity and of the Schur property was addressed in \22\ 123] . 

The main idea behind quantitative versions is an attempt to replace the respec- 
tive implication by an inequality. So, in case of the Dunford-Pettis property we will 
try to replace the implication 

T is weakly compact => T is completely continuous 

by an inequality of the form 

measure of non-complete continuity of T 

< C ■ measure of weak non-compactness of T. 

There is a natural measure of non-complete continuity (see below) and several non- 
equivalent natural measures of weak non-compactness of an operator. It is rather 
interesting that for one of these measures of weak non-compactness the Dunford- 
Pettis property is automatically quantitative but for another one it is not the case. 

We also include some results on a quantitative reciprocal Dunford-Pettis prop- 
erty. Since we have not investigated this property in detail, we include only those 
results that naturally appear as byproducts of our investigation of the Dunford- 
Pettis property and related quantities. 

The paper is organized as follows: 

Section [5] contains definitions of basic quantities used in the paper, a survey of 
known and easy relationships and inequalities among them and a comparison of the 
introduced notions in complex and real Banach spaces. 

In Section[3|we collect quantitative versions of easy inclusions among four classes 
of operators - compact, weakly compact, completely continuous and weakly com- 
pletely continuous ones. 

Section [Jj contains quantitative versions of two known results characterizing 
weakly compact operators by means of their continuity in a certain topology. 

In Section[5|we show that the Dunford-Pettis property is automatically quantita- 
tive in a sense. We further define two natural stronger quantitative versions of the 
Dunford-Pettis property {direct and dual ones), establish their characterizations 
and mutual duality. We also formulate there some results on Ci and £oo spaces 
proven in the sequel. 

Section [6| is devoted to the relationship of the Schur property, its quantitative 
version and quantitative Dunford-Pettis properties. It contains also a quantita- 
tive version of the known characterization of the subspaces of spaces of compact 
operators having the Dunford-Pettis property. 

In Section [7| we show that natural measures of weak non-compactness coincide 
in spaces. In particular, we compute these measures explicitly. 

In Section [8| we use the results of the previous sections to prove that C{K) 
spaces and, more generally. Coo spaces have the direct quantitative Dunford-Pettis 
property. 
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Section [9] contains a quantification of some resuits from the measure theory and 
the proof that C{K) spaces (and hence £00 spaces) have the dual quantitative 
Dunford-Pettis property as well. 

Section [10] contains examples showing that the two quantitative versions of the 
Dunford-Pettis property are incomparable and that a space with the Dunford-Pettis 
property need not satisfy any of the two quantitative versions. 

In the last section we collect some open problems. 

2. Preliminaries 

In this section we collect basic notation and definitions of the necessary quan- 
tities. Banach spaces which we consider can be either real or complex - all the 
results are valid in both cases. However, some of the results which we are referring 
to are formulated and proved only for real spaces. In the first subsection we will 
show a general method how these results can be transferred to complex spaces. 

2.1. Real and complex spaces. If X is a (real or complex) Banach space, we 
define the spaces for n e N U {0} as follows: 

• = X, 

• = (x("-i))* for n e N. 

Further, if X is a complex Banach space, we denote by Xji the real version of X, 
i.e., the same space considered over R (we just forget multiplication by imaginary 
numbers). 

Then the spaces X^^\ (X^"');? and (Xfl)^"^ can be related as described in the 
following proposition. 

Proposition 2.1. Let X be a complex Banach space. For each n G N U {0} let 
Ln '■ X*-"' -7- {X^"^)ji be the identity mapping. Further, let us define mappings 
il)n ■ {X''^^)r (Xr)^"^ by induction as follows. ■ 

• ipo 'i-s the identity of Xji. 

. ^„(/)(x) = ReL-^{f){C-Mn-iim for f G {X("^)r, x G {Xr)(--^\ 
n G N. 

Then the following hold: 

(i) in is a real-linear surjective isometry for each n G N U {0}. 

(ii) ipn is a linear onto isometry (of real Banach spaces) for each n G N U {0}. 

(iii) i-l(V';r'(/))(^) =/(V'n-l(^„-l(2:)))-*/(V„-l(tn-l(*x)))/or/G (Xfl)("), 
X G n G N. 

(iv) For each n G N U {0}, the mappings i„, tpn and 4'n ° i"n. o,re weak-to-weak 
homeomorphisms. 

(v) For each n G N, the mapping tpn ° i-n is a weak*-to-weak* homeomorphism. 

(vi) For eac/i n G NU {0} we have ipn+2° hi+2° i^xi'^'i = '*(Xh)<"' o'-n; where 
ky denotes the canonical embedding of a (real or complex) Banach space Y 
into Y**. 

Proof. The assertion (i) is obvious. We continue by proving (ii) and (iii) by induc- 
tion on n. If n = 0, the assertion (iii) is vacuous and (ii) holds as -00 is the identity 
mapping. Suppose now that n G N and (ii) and (iii) hold for all k < n. 
If (7 G X'^") and X G X''^~'^\ then lviig{x) = — Re g(ix), and hence 

g{x) = 4>n{tnig))ii>n-lil^n-lix))) - i'f/'n (t„ (ff) ) (V"™-! (in-1 (is;))) ■ 
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Conversely, given / e (^fl)^"^ the formula 

g{x) = f{lpn-l{in-l{x))) - if{^n-l{in~l{ix))), X G X^'^-^\ 

defines an element of X^"^ satisfying ipni^nig)) — /• It follows that the mapping 
ipn ° I'n is bijective and its inverse is given by the formula from (iii). It follows that 
ipn is bijective as well. 

It remains to prove that i/'n is an isometry. Let / £ (X^"^)^ and x € 
have norm one. Then 

\Mf){x)\ ^\Re,-Hf)ii-\i^p-\{xm < K\mn\{^n-i{^m 
<ik,T'(/)iiiid(v^,;-i(^)))ii- 11/1111:^11 < 11/11, 

thus < 1. Conversely, let / e (XH)^ and c < ||/||. Then \\L-\f)\\ = ||/|| > c 
and hence there is a; S X*^"^^) such that ||a;|| = 1 and \Ln^if)ix)\ > c. Let a be 
a complex unit such that aL^^{f){x) ~ \i'n^if){x)\- Then ipn-iii-n-iictx)) is an 
element of of norm one (by induction hypothesis) and 

'0n(/)(V'«-i(i«-i(aa;))) = Re t,7\/)(Q;.x) ^ |i,T^(/)(a;)| > c. 

Now we can conclude that ||^n(/)|| = II /II- This completes the induction step. 

We continue by proving (iv). Since ipn is a linear onto isometry by (ii), it is 
a weak-to-weak homeomorphism. We will show that ■(/'„ o t„ is a weak-to-weak 
homeomorphism as well. To prove its weak continuity, fix / G . It 

follows from the definition of 4'n+i and (ii) that the function / o ■;/;„ o t„ is of the 
form Keg for some g S X^'^~^^\ thus it is weakly continuous. 

Further, fix 5 G X^'^+^l By (ii) and (iii) there is / G (Xi?)("+i) such that 

(5 ° o i;-^){x) = fix) - if{ix), X G (Xj^)("). 

It follows that g o o is weakly continuous. Since g G X^'^^^^ is arbitrary, 
o is weak-to-weak continuous. 

We have proved that ipn o (,„ is a weak-to-weak homeomorphism. It follows that 
the same is valid for i„ as well. 

We continue by proving (v). By the very definition of tpm the mapping g ^ 
{'<pn°i'n){g){x) is weak* continuous on X^") for each x G (Xfl)("~^\ therefore ipn°i-n 
is weak*-to-weak* continuous. By (iii) the mapping / i-> (i-n^ °'^Pn^){f){x) is weak*- 
continuous on (Xji)'^^^ for each x G X^'^~^\ thus o is weak* continuous as 
well. So we can conclude that ^„ o t„ is a weak*-to-weak* homeomorphism. 

The assertion (vi) can be proved by direct calculation. □ 

We continue by a transfer proposition for operators. If X and Y are complex 
Banach spaces and T : X ^ Y is a bounded linear operator, we denote by T/j the 
same operator considered as an operator from Xn to Yr. So, = iY,o o T o 
using the notation from Proposition [2lTJ It is clear that \\T]i\\ — \\T\\ and (S'T)^ = 
SnTfi. whenever S : Y Z is a bounded linear operator from y to a complex 
Banach space Z. 

Further, ii T : X ^ Y is a. bounded operator between two Banach spaces (real 
or complex, both of the same nature), we define the operators T*-"' for n G NU {0} 
inductively: T^o' = T and T^") = (t("-i))* for n G N. 

Proposition 2.2. Let X and Y be complex Banach spaces and T : X ^ Y be 
a bounded linear operator. Let ix,n, '4'x,n, i-Y,n and 4'Y,n be the mappings from 
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Proposition \2.1\ related to X and Y, respectively. Then, for each n G N U {0}, we 
have 

= l/'Jf,2n+l O iX,2«+l O T(2"+1) O iy 2n+l ° ^Y^n+l 

Proof. We proceed by induction. The first line for n — is obvious. Suppose that 
the first line holds for some n e N. We will show that the second line holds for n as 
well. The second equality is obvious. Further, let / S and x S (Xfl)^". 

Then 

= Re(r(^"+i) o .yi2„+i o V^v,2„+i)(/)(^x!2 JV'x:2 J^))) 

= Re.yl„H-l(V'y,L+l((/)))(T^^'"^^x'2n(^X:2nW)) 

= /(V'y,2„(^v,2„(T(2»)i-;2JV'x!2J^))))) 

= /((ri^)(2")x)-(T;,)(2"+l)(/)(a;). 

Similarly one can prove the first line for n + 1 assuming that the second line holds 
for n G N. □ 

2.2. Some topologies on a Banach space. We need to define the necessary 
quantities. We will deal with several types of quantities - those measuring how 
far is a given sequence or a net from being Cauchy, those measuring how far is 
a given operator from being continuous or sequentially continuous, measures of 
non-compactness and weak non-compactness of a set and, finally, measures of non- 
compactness and weak non-compactness of an operator. 

We can measure non-cauchyness and non-continuity with respect to various 
topologies. So, we will give the definitions in an abstract way because we will 
deal with several different topologies. Therefore we fix the following notation. 

Let X be a Banach space. If C X* is a bounded set, let qp be the seminorm 
on X defined by 

qpix) — sup{|x*(a;)| : x* £ F}, x X, 

with the convention that supremum of the empty set is 0. 

Let J" be a family of subsets of the closed unit ball Bx' of the dual space X*. 
Let Tjr be the locally convex topology on X generated by the family of seminorms 
{qf ■ F ^ J-}. In other words, Tp is the topology of uniform convergence on the 
sets from J^. 

We will work with three different families - the family J'l formed by all the 
subsets of Bx' , J^2 formed by all finite subsets of Bx* and J3 formed by all weakly 
compact subsets of Bx" . Then Tjr_^ is the norm topology and rjr^ is the weak 
topology which we will denote by w. Finally, rjr^ is the restriction to X of the 
Mackey topology on X** associated to the dual pair {X**,X*). This topology is 
called the Right topology in [521 HI] ■ We will denote this topology by px or simply 
p when X is obvious. 

If X is a dual space, say X = Y* , we define two more topologies by means of 
families in By (which we consider canonically embedded into By = Bx*). Let 

be the family of all finite sets in By and J-5 be the family of all weakly compact 
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sets in By- Then rp^ is the weak* topology and tjf^ is the Mackey topology with 
respect to the dual pair {Y*,Y). We write py. or p* for the topology tfj,. 
In the sequel we mean by J- any family of subsets of Bx' ■ 

The following important observation asserts that, for a complex Banach space 
X, the considered topologies coincide for X and Xn as well as for X* and (Xji)*. 
Indeed, the norms in X and Xr are the same, the weak topology of X coincides 
with that of Xji (by Proposition I2.1f iv)). Further, the p-topology of X coincides 
with that of Xn as well. Indeed, let ipn and t„ be as in Proposition 12.11 Since 
ij^i o is a weak-to-weak homeomorphisms, it preserves weakly compact sets. So, 
let F C Bx* be weakly compact. Then obviously q^j(tj(i?))(toa;) < qpix) for each 
X € X (by the very definition of ■f/'i)- Moreover, if F is absolutely convex (or at 
least stable by multiplying with any complex unit), then (7^j(tj(F))(''0a;) — qpix) 
for each x G X. 

Since ipi o ii is a weak*-to-weak* homeomorphism by Proposition 12.11 weak* 
topology on X* coincides with the weak* topology on (Xn)* . Further, similarly as 
for p we obtain that -01 o tj^ is a p*-to-p* homeomorphism as well. 

2.3. Quantifying non-cauchyness of sequences and nets. Let {x^)^^a be a 
bounded net in X indexed by a directed set A. We set 

cajr (xi/) = sup inf sup{gF (a^i/ — a^i/') ■ 6 A, > vq, v' > vq}. 

This quantity measures in a way how far the net {x,y) is from being T7r-Cauchy. 
In particular, cajr [xi,) = if and only if the net (Xj.) is rjF-Cauchy. It is easy to 
check that the quantity cajr (•) remains the same if we replace J- by the family of 
all finite unions of elements of 

The quantity cajr^ (x^) will be denoted by S (x^). This quantity for sequences 
was used already in [27l [22l [23]. It is easy to see that 6 (x^) is the diameter of the 
set of all weak* cluster points of the net (x^) in X** (we consider X canonically 
embedded into X**). 

The quantity cajr^ (x,^) will be denoted simply by ca(xi/). This quantity for 
sequences was used in [23]. The quantity c&jr.^ (xjy) will be denoted by cap (xi,), 
while the quantity cajr^, (x*) considered for a bounded net (x*) in the dual space 
will be denoted by cap* (a;*). 

An important variant of these quantities is the following one. Let (xk) be a 
bounded sequence in X. We set 

i^k) — infjcajr (x^,^) : (x^.^) is a subsequence of (a;^)}. 

We will denote again the quantities cajr^ (•), cajr^ (•), ckjr^ (•) and cajr^ (•) by 
ca (•), (5 (•), cap (•) and cap- (•), respectively. Let us remark that the quantity S {■) 
was used in [27l [22] . 

Remark. One may wonder whether the quantities caj^- (•) should be defined using 
subsequences or subnets. We remark that we are using subsequences in purpose. In 
fact, if we defined ca (•) using subnets, we would obtain the same quantity. However, 
if S (•) was defined using subnets, it would be always zero, as any bounded sequence 
(or even a net) in X has a weakly Cauchy subnet, due to the weak* compactness 
of the bidual unit ball. 

If X is a complex Banach space, then all the quantities ca (•), S (•) and cap (•) 
are the same in X and in Xr. For ca (■) it is obvious, for 6 (•) it is explained in 
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[22l Section 5] and it follows from Proposition 12. II using the fact that 6 {x,j) is the 
diameter of the weak* cluster points of {x,y) in X**. The equality for cap (•) follows 
from the easy fact that in the definition of ca^ (■) it is enough to take the sup over 
absolutely convex sets F using the last paragraph of the previous subsection. 

Now it is obvious that also the quantities ca (•), S {■), ckp (•) are the same in X 
and in Xn. 

Analogously we obtain that the quantity cap. (•) remains the same in X* and 



2.4. Quantifying continuity and sequential continuity. Let X and Y be Ba- 

nach spaces. By an operator T : X ^ Y we mean a bounded linear operator. 
This operator is, by definition, norm-to-norm continuous. It is also weak-to-weak 
continuous (as y* oT is weakly continuous for each y* G F*) and p-to-p continuous 
(by m Lemma 12]). 

We will deal with operators which are p-to-norm continuous, p-to-norm sequen- 
tially continuous and weak-to-norm sequentially continuous. 

Let us remark that p-to-norm continuous operators are exactly weakly compact 
operators. This is proved in 26, Corollary 5]. A similar result was proved already 
by A. Grothendieck. Indeed, he proved in [18, Lemme 1] that T is weakly compact if 
and only if T* is p*-to-norm continuous. Note that using the Gantmacher theorem 
this yields one implication of the mentioned result of |26j . In Theorem 14.11 below, 
we will prove quantitative versions of both of these results. 

Weak-to-norm sequentially continuous operators are usually called completely 
continuous, p-to-norm sequentially continuous operators are called pseudo weakly 
compact in |261 124j . 

For an operator T : X ^ Y we define the following quantities: 

contjr (T) = sup{ca {Tx^) : (xjj) is a TTr-Cauchy net in Bx], 
ccjr (T) = sup{ca (Txk) : (xk) is a T7r-Cauchy sequence in Bx}- 

Then contjr (T) measures how far the mapping T\bx is from being r^-to-norm 
continuous. We will consider this quantity for J^3 and 7^5 and denote it as contp (T) 
and contp. (T), respectively (the quantity contp. (T) can be considered in case X 
is a dual space). It follows from [26l Corollary 5] that T is p-to-norm continuous 
if and only if the restriction T\bx is p-to-norm continuous. Thus contp (T) = if 
and only if T is p-to-norm continuous (which takes place if and only if T is weakly 
compact). 

Further, as any T7r-Cauchy sequence is bounded, it is clear that ccjr (T) = if 
and only if T is TTr-to-norm sequentially continuous. The quantity ccjr^ (•) will be 
denoted by cCp (•) and the quantity ccj^^ (') j^st by cc (■) (as it measures how far the 
operator is from being completely continuous). Similarly as above, for an operator 
T on a dual space X, the quantity ccjr^ (T) will be denoted by cCp. (T). 

Let us remark that obviously we have 



for each operator T. 

We finish this subsection by noticing that, ii X and Y are complex Banach spaces 
and T : X ^ Y is a bounded linear operator, then 



(2.1) 



cc^ (T) < cont^ (T) 



contp (T) = contp {Tr) , cCp (T) = cCp {Tr) 



cc (T) = cc {Tr) . 
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Similarly, if : y* — > X is a bounded linear operator, then 

contp. (S) = contp. (Sr) , cCp. {S) = cCp. (Sr) . 
This follows immediately from the final remarks of the previous subsections. 

2.5. Measuring non-compactness and weak non-compactness of sets. The- 
re are several ways how to measure non-compactness and weak non-compactness 
of a subset of a Banach space. Almost all of them need the following notation: If 
A and B are two nonempty subsets of a Banach space X, we set 

d{A,B) = mi{\\a-b\\ : a e A,b e B}, 

d{A, B) = sup{d(a, B) : a e A}. 

Hence, d{A, B) is the ordinary distance of the sets A and B and d(^, B) is the 
non-symmetrized Hausdorff distance (note that the Hausdorff distance of A and B 
is equal to max{d(A, B),d(B,A)]). 

Let A be a bounded subset of a Banach space X. Then the Hausdorff measure 
of non-compactness of A is defined by 

X{A) = inf {d(A, F):%^F dX finite} = inf{d(A, K) : ^ ^ K <Z X compact}. 
The Kuratowski measure of non-compactness of A is 

a{A) = infje > : there is a finite cover of A by sets of diameter less than e}. 

We will need one more measure of non-compactness: 

/3(A) = supjca (xfc) : (x^) is a sequence in A\. 

Hausdorff and Kuratowski measures of non-compactness are well known, the nota- 
tion used in the literature is not unified. It is easy to check that for any bounded 
set A c X we have 

(2.2) x(^) < P{A) < "(^) < 2x(^), 

thus the three measures are equivalent. (And, of course, these measures equal zero 
if and only if the respective set is relatively compact.) 

An analogue of Hausdorff measure of non-compactness for measuring weak non- 
compactness is the de Blasi measure of weak non-compactness 

lli{A) = mi{d{A,K) : / C X is weakly compact}. 

Then U!{A) = if and only if A is relatively weakly compact. Indeed, the 'if part 
is obvious and the 'only if part follows from O Lemma 1]. 

There is another set of quantities measuring weak non-compactness. Let us name 
some of them: 

wkx{A) = diT'^X), 

wckx (A) = sup{ d{chistx**{xk),X) : (xk) is a sequence in A}, 
j{A) — sup{ I limlima:^(a;„) — limlima;*j(x„)| : 

n m m n 

{x^) is a sequence in Bx* , {xn) is a sequence in A 
and all the involved limits exist}. 

By ]4™ we mean the weak* closure of A in X** (the space X is canonically em- 
bedded in X**) and clustx** (a^fe) is the set of all weak* cluster points in X** of the 
sequence (xfe). These quantities were used (explicitly or implicitly) for example in 
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[21 [U [6j [121 m] using different types of notation and terminology. The quantity 7 
corresponds to the Eberlein double limit criterion for weak compactness. It follows 
from Theorem 2.3] that for any bounded subset A oi a Banach space X we have 

(2.3) wckx (A) < wkx (A) < 7(A) < 2wckx (A) , 

(2.4) wkx (A) < uj{A). 

So, putting together these inequalities with measures of norm non-compactness 
we obtain the following diagram: 

X(^) < PiA) < aiA) < 2x{A) 
VI 

(2.5) u;{A) 

VI 

wckx{A) < wkxiA) < j{A) < 2wckx(A) 

Let us remark that the inequality uj(A) < x{A) is obvious and that the quantities 
w(-) and wkx (•) are not equivalent, see [4l[2]. Below we show that these quantities 
in some spaces are equivalent. 

Their non-equivalence is illustrated also by the following theorem. 

Theorem 2.3. Let X be a Banach space. 

• The space X is weakly compactly generated if and only if 

Ve > 03(A„),7^i a cover o/XVn e N : w(A„) < e. 

• The space X is isomorphic to a subspace of a weakly compactly generated 
space if and only if 

Ve > 3 (A„),7^i a cover ofXyneN: wkx (A„) < e. 

Recall that X is weakly compactly generated if it admits a weakly compact subset 
whose linear span is dense in X. The first statement is an easy consequence of the 
fact that X is weakly compactly generated if and only if it admits a norm-dense 
weakly cr-compact subset. The second statement is a result of [13]. 

We finish this subsection again by a discussion on complex and real spaces. Let 
X be a complex space. Since all the measures of non-compactness x(')j Q^(') ^-^d 
/3(-) use only the metric structure of X, they are the same in X and in Xji. 

The quantity a;(-) is also the same in X and in X^j as weak compact sets are the 
same and the metric structure is the same. Further, quantities wk (•) and wck (•) are 
also the same in X and in Xfj by Proposition [511] (cf. also [121 Section 5]). Finally, 
the quantity 7(-) is also the same for X and for Xj^. Indeed, let A C X be bounded. 
Let us show first that 7(to(A)) < 7(A). Let (a;„) be a sequence in lo{A) and (a;^) a 
sequence in B^Xr)- such that both lim„ lim„j a;Jjj(a;„) and lim™ lim„ x^(a:„) exist. 
Let yn = iQ^{Xn) and ~ "^(x^)). By Proposition 12. 1[ (j/j^) is a sequence 

in Bx' and for any m,n e N we have y^iUn) = x^i^n) - ixtnit-oiii^o^ (xn)))- 
Without loss of generality we can suppose that both lim„ limm a:^(io(it-o ^(^n))) 
and lim„i lim„ x*j^(io(iio ^(a^n))) exist. Then 

I limlima;*„(a;„) - lim lim (a;„ ) | < | limlimy^(y„) - limlim2/^(?/„)| < 7(A). 

n in m 71 n in m n 

By taking the supremum we get ^{iQ{A)) < 7(A). 
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Conversely, suppose j{A) > c. Fix (x„) a sequence in A and (x^) a sequence in 
Bx* such that 

I hinhnia;J^(x„) — hniHma::Jj^(x„)I > c 

n m rn n 

and all the limits involved exist. Let a be a complex unit such that 

I limlima;^(x„) — limlimx*„(x„)| = a(limlimx^(x„) — linilima;*j(x„)). 

n m m n n m 'm n 

Then 

limlimV'i(ti(aa;;^))(toa;n) - limlim'(/'i(ti(ax^))(toa;„) 

n m m n 

= I limlima;^(x„) — limlima;^(a;„)| > c, 

n m rn n 

hence 7(io(^)) > c, which gives j{A) < 7(to(^))- 

2.6. Measuring non-compactness and weak non-compactness of opera- 
tors. An operator T : X ^ Y is compact (weakly compact) if T{Bx) is a rela- 
tively compact (relatively weakly compact, respectively) subset of Y . Therefore, if 
we want to measure how far a given operator is from being compact (weakly com- 
pact), we can use one of the measures of non-compactness (weak non-compactness) 
defined in the previous section. To simplify the notation we adopt the follow- 
ing convention. By a quantity applied to T we mean this quantity applied to 
T{Bx). So, in particular, x{T), w(T) and wky (T) denote x{T{Bx)), lo{T{Bx)) 
and wky {T{Bx)), respectively. Due to the previous subsection, these quantities 
are the same for T and Tr in case X and Y are complex spaces. 

Another possibility is to measure the distance to compact (weakly compact) 
operators. The distance of T to the space of compact operators is denoted by 
||T||if and is called the essential norm of T. The distance to the space of weakly 
compact operators is denoted by and is called weak essential norm. 

By the Schauder theorem, T is compact if and only if T* is compact. Similarly, 
the Gantmacher theorem says that T is weakly compact if and only if T* is weakly 
compact. Both theorems have quantitative versions, as for any operator T we have 

(2.6) ^x{T) < x{T*) < 2x(T), 

(2.7) 7(T) < j{T*) < 27(T). 

The inequality (12. 6p is a result of [TT, the inequality (|2.7p is proved in [21 Theo- 
rem 3.1]. By combining (|2.7p with (|2.3p we get 

(2.8) i wky (T) < wkx- (T*) < 2 wky (T) . 

These results were originally proved for real spaces. However, they hold for complex 
spaces as well, due to the fact that the quantities x(')i 7(') (•) are the same 

for T* and for (T^?)*. Indeed, using Proposition 12.21 and Proposition 12. II we get 

{TnTiB^Ynr) = i>x,i{ixAT*{iy\{^y\{B^y^r))))) = i^xA^xAT*{By,))). 

So, using again Proposition l2.11 we see that the quantities x(') and wk (•) (and also 
a(-), /?(•) and wck(-)) are the same for T* and (Tr)*. Further, the quantity 7(-) 
is also the same, as by the previous section ^{Lx,i{T*{By))) — '-f(T*{By.)) and 
ipx,i is just a linear isometry of real spaces. 
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We have thus the fohowing diagrams: 

X{T) < \\T\\k wky(T) < a;(T) < ||r|U 

(2.9) I \J\ I VI 

X{T*) < \\T*\\k wkx'iT*) < uj{T*) < ||T*|U 

The exact meaning of the equivalence sign is given by (|2.6p and (|2.8p . The other 
inequalities are either trivial or a consequence of the Schauder and the Gantmacher 
theorem. In general, there are no other inequalities (even including a multiplicative 
constant). For the first diagram it follows from |21 |3I], for the second one from 
Pl I32j. In particular, the quantities uj(T) and uj{T*) are in general incomparable. 

3. Easy quantitative implications 

Any compact operator is obviously weakly compact. Further, any compact op- 
erator is easily seen to be completely continuous. It is also easy to see that any 
operator which is either weakly compact or completely continuous maps weakly 
Cauchy sequences to weakly convergent sequences. Such operators are called weakly 
completely continuous. We have thus the following implications: 

T is compact ^ T is completely continuous 

T is weakly compact T is weakly completely continuous 

These implications have quantitative versions. We have already defined quanti- 
ties measuring how far a given operator is from being compact, weakly compact or 
completely continuous. To formulate all the inequalities, we need to define, for a 
given operator T : X , the following two quantities: 

wcc(r) ~ sup{d(clusty«. (Txfe), F) : ixk) is a weakly Cauchy sequence in Bx} 

~ supjwky {{Txk : k G N}) : (xfc) is a weakly Cauchy sequence in Bx}, 

wcC(^(T) — sn^{uj{{Txk ■ k e N}) : {xu) is a weakly Cauchy sequence in Bx}- 

The promised quantitative versions of the above implications are contained in 
the following table: 



cc(T) ^ x{T) < \\T\\k 
VI VI VI 

(3.1) wcc„(r) < Lo{T) < 

VI VI 

wcc(T) < wky (T) 

The sign ~ means that the inequality holds with a universal positive multi- 



plicative constant which in this case is 4 by 

Most of the inequalities included in the diagram are easy and are immediate 
consequence of the inequalities (|2.5I) and (|2.9p . We will prove the remaining two 
inequalities, i.e., 

(3.2) cc(T) < 4x(r), 

(3.3) wcc^(T) < cc(r). 
To prove the first one we need the following lemma. 
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Lemma 3.1. Let X he a Banach space and (xk) be a weakly Cauchy sequence in X . 
Let c > be such that ca(xfe) > c. Then there is a subsequence {xk„) such that 
ca {xk„ ) > f • 

Proof. If (xk) is weakly Cauchy, it weak* converges to some x** G X**. If ca (xk) > 
c, then 

Vn e N 3/c, / > n : ||xfc - x/ 1| > c. 
By the triangle inequality we get that 

V?i e N3fc > 71 : \\xk -x**\\ > |. 

It follows that there is a subsequence (xk^) such that \\xk^ ~ x**\\ > | for each 
n G N. We claim that ca {xk„) > f ■ 

Indeed, let (yi) be any subsequence of {xk„) and ttj G N be arbitrary. Then 

w* C 

diam{yi : I > m} — diam{j/; : I > m} — diam({j/i : I > m} U {x**}) > -, 
hence ca (y;) > |. This completes the proof. □ 

Now we are going to prove inequality p.2l) . Due to (j2.2p it is enough to prove 
(3.4) cc (T) < 2P{T). 

If cc (T) = 0, the inequality is obvious. Suppose that cc (T) > and fix any 
c > satisfying cc (T) > c. Then there is a weakly Cauchy sequence (xk) in 
Bx with ca. (Txk) > c. Since (Txk) is weakly Cauchy as well, the above lemma 
yields a subsequence {xk„ ) with ca {Txk„ ) > f ■ By the definition of /3 we get 
/3(T) = l3{T{Bx)) > f . Since c < cc (T) is arbitrary, we get f3{T) > ^ cc (T) which 
yields 

We proceed to the proof of p.3|) . If wcCtj(T) — 0, the inequality is obvious. 
Suppose now that wcCij(T) > c > 0. Then there is a weakly Cauchy sequence (xfc) 
in Bx with a;({Ta;fc : k G N}) > c. Since, for each tt, G N, we have uj{{Txk ■ k > 
n}) > c and the singleton {Txn} is weakly compact, diam{Ta;fc : k > n} > c. Thus 
ca (Txk) > c. Since c < wcC[^(T) is arbitrary, we get cc (T) > wcCi^{T), and so the 
proof of p.3p is complete. 

4. Weak compactness of operators and continuity 

The first of our main results are quantitative versions of |261 Corollary 5] and 
|181 Lemme 1]. This section is devoted to their proofs. 

Theorem 4.1. Let X and Y be Banach spaces and T : X ^ Y be a bounded linear 
operator. Then 

(4.1) i contp (T) < uj{T*) < contp (T) , 

(4.2) i contp. (T*) < u{T) < contp. (T*) . 

The first assertion (|4.1[) is the promised quantitative version of [321 Corollary 5] . 
We stress that the p-to-norm continuity of T is quantitatively equivalent to the weak 
compactness of T*, not to that of T. (Recall that uj{T*) is not equivalent to uj{T).) 
The second chain of inequalities (|4.2|) is a quantitative variant of A. Grothendieck's 
result stating that an operator T is weakly compact if and only if T* is p*-to-norm 
continuous (see [El Lemme 1]). 
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Proof of Theorem \4.1\ Let X and Y be Banach spaces and T : X Y he & 
bounded linear operator. We start the proof with the inequahty 

(4.3) icontp. (T*) <c^(T). 

Let c > w(T) and (y*)i,gA be an arbitrary p*-Cauchy net in By. We will show 
that ca {T*y*) < 2c. 

By the definition, there exists a nonempty weakly compact set L C F such that 

T{Bx) cL + cBy- 

Since L is weakly compact, the net (y*) is uniformly Cauchy on L (note that L is 
bounded, hence a positive multiple of L is contained in By)- 
Let e > be arbitrary. There exists I'o G A such that 

(4.4) sup\yl{y)-yl,{y)\<e, v,v'>vq. 
Given x G Bx, let y e L satisfy \\Tx - y\\ < c. By 

\{yt-yt'){y)\ <£, v,v'>vo. 

Thus we have for i/, v' > 

\{T*y:-T*y:,){x)\^\{y:~y:,){Tx)\ 

<\{yl-yl,){Tx-y)\ + \{y:-y:,){y)\ 
<2c + e. 

Thus we get for v, v' > 

\\T*y:-T*y:,\\^ sup \{T*y: ~T*y:,){x)\ <2c + e. 
xeBx 

It follows that ca {T*y*) <2c + e. Since e > is arbitrary, we get ca {T*y*) < 2c. 
Hence contp* (T*) < 2c, which yields (|43)) . 
Next we observe that 

(4.5) contp (T) < contp. (T**) , 

since any p-Cauchy net {x^) in Bx is p*-Cauchy in Bx*'- Using (|4.5p and (|4.3p for 
T* we get 

I contp (T) < i contp. (T**) < u{T*), 

which proves the first half of (|4.ip . 

It remains to verify the second inequalities in (|4.1[) and (|4.2p . In order to prove 

(4.6) a;(T*) < contp (T) , 

let us fix an arbitrary c > contp (T). We claim that: 

There exists a p-neighborhood U of such that \\Tx\\ < c for every x G U D Bx- 
Assuming the contrary, we can find for every p-neighborhood U of an clement 
xu G UCiBx such that HTxc/H > c. Let U denote the family of all p-neighborhoods 
of 0. We consider U endowed with the partial order given by inverse inclusion, and 
thus {xu)u&A is a net converging to in the topology p. We further consider a 
directed seiU x {0, 1} with the lexicographical ordering and set 

\xu, « = 0, 
xu.i = < „ U &U. 

[0, 1 = 1, 



14 



MIROSLAV KACENA, ONDREJ F.K. KALENDA AND JIM SPURNY 



Then {xu,i) is again a net in Bx converging to in the topology p, and thus 
ca {Txu,i) < contp (T) < c. On the other hand, 

\\Txu,i - TxufiW = \\Txu\\ > c 
for any U £U, which is a contradiction completing the proof of the claim. 

Let U be the p-neighborhood of from the claim. By the definition of p, there 
exist d > and weakly compact sets Ki, . . . , Kn in Bx* such that 

U D {x E X : sup |a;*(a::)| < d, i — 1,. . . , n}. 

By the Krein theorem, the closed absolutely convex hull K oi Ki IJ ■ ■ ■ U Kn is a 
weakly compact subset of Bx, and thus we may assume that 

U^{xeX: sup \x*{x)\ < d}. 
x'eK 

To find a weakly compact set needed by the definition of u){T*), we use the 
following assertion: 

There exists n S N such that T*{By*) C nK + cBx* ■ 

To verify this, assume that this is not the case. Then for every n G N there 
exists J/* e By with 

T*y*n^nK + cBx'. 

The set nK is weakly compact, hence also weak* compact. It follows that nK + 
cBx* is a weak* compact absolutely convex set, and thus we may separate the 
point T*?/* from it by an element Xn E X oi norm one such that 

sup Re(a:*(a;„) + cz*{xn)) < Re(T*?/*)(x„). 

Since K is absolutely convex, we get 

sup |a:*(a;„)| + c < Re(r*?/*)(a:„). 

X* ^nK 

Let n e N be such that -11^ < d. Then 

\inx*){xn)\ < \nx*ixn)\ + c < Re{T*y:){x„) < \\T*l x* € K, 

and thus 

\x*{xn)\ <d, X* e K. 
Hence Xn E U f) Bx, which implies < c by the choice of U. Thus 

c > ||Ta:„|| > Rey*n{Txn) = Re(T*y:)(a;„) 

> sup |a;*(a;„)| + c 

X* ^nK 

> C. 

The contradiction proves the assertion, and so we have uj{T*) < c. This finishes 
the proof of (|4.6p . and thus also of (14. ip . 
Since the proof of the remaining inequality 

(4.7) uj(T) < contp. (T*) 

is rather analogous to the one of (|4.6|) . we merely outline it. Given c > contp. (T*), 
we find a p*-neighbourhood F of in Y* such that ||T*?/*|| < c for every y* G 
V n By ■ Then we may assume without loss of generality that there are an abso- 
lutely convex weakly compact set L C By and d > such that V = {y* G Y* : 
supygi \y*iy)\ < d}- Finally, we find n e N such that T{Bx) C nL + cBy ■ (We 
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proceed as above, assuming the contrary, for each n £ N there exist Xn € Bx and 
y* e By satisiying 

sup \y*n{y)\ + c < Rey;(Ta;„). 

y^nL 

IITll 

For n G N with < we then get y* G V , and thus 

c> ||T*2/:|| >Re2/:(rx„)>c, 
which is a contradiction.) □ 



5. Two WAYS OF QUANTIFYING THE DUNFORD-PETTIS PROPERTY 

We recall that a Banach space X is said to have the Dunford- Pettis property 
if for any Banach space Y every weakly compact operator T : X Y is com- 
pletely continuous. The following theorem summarizes the well-known equivalent 
formulations of this property. 

Theorem 5.1. For a Banach space X , the following assertions are equivalent: 

(i) X has the Dunford- Pettis property, 

(ii) every weakly compact operator T : X ^ Cq is completely continuous, 

(iii) given a weakly null sequence (x„) in X and a weakly null sequence (x* ) in 
X* , we have lim„a;*(2;„) = 0, 

(iv) weakly convergent sequences in X coincide with p-convergent ones, 

(v) every weakly convergent sequence in X* is p* -convergent, 

(vi) if T : Y ^ X is weakly compact, with Y an arbitrary Banach space, then 
T* is completely continuous, 

(vii) if T : £i ^ X is weakly compact, then T* is completely continuous. 

Proof. The proofs of many of the equivalences involved in Theorem 15.11 are almost 
identical and use the same techniques for which we refer to [S] or |24) . The equiv- 
alence of (i), (ii), (iii) and (vi) is mentioned in [Ql Theorem 1], the equivalence of 
(i) , (iv) and (v) has been basically proved in the context of locally convex spaces 
by A. Grothendieck in jlS) Proposition 1 bis]. Note that for the implication (v) 
(vi) one needs only the aforementioned result that for any weakly compact oper- 
ator T, the adjoint T* is p*-to-norm continuous. The implication (vi) =4> (vii) is 
trivial and for (vii) (iii) it is enough to consider the operator T : £i ^ X with 
T{an) = ^a„a;„, (a„) G -^i, where (x„) is a given weakly null sequence in X. □ 

Using the results of Section |4] we obtain that the Dunford-Pettis property is 
always quantitative in some sense. 

Theorem 5.2. For a Banach space X , the following assertions are equivalent: 

(i) X has the Dunford-Pettis property, 

(ii) cc (T) < 2uj{T*) for every operator T from X to any Banach space Y , 

(iii) cc (T*) < 2lu(T) for every operator T from any Banach space Y to X , 

(iv) limsup |x* (a::„)| < i^({a;* : n G N}) whenever (x„) is a weakly null sequence 
in Bx and (a;* ) is a bounded sequence in X* , 

(v) limsup (x„)| < U){{xn : n e N}) whenever (x„) is a bounded sequence 
in X and (x*) is a weakly null sequence in Bx* , 

(vi) cap* (cc* ) < 2a;({a;* : n G N}) whenever (x* ) is a bounded sequence in X* , 

(vii) cap {xn) < 2uj{{xn ■ n G N}) whenever {x„) is a bounded sequence in X . 
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Proof. Obviously, by Theorem 15.11 any of the assertions (ii)-(v) imphes assertion 
(i) . For (vi) and (vii) this fohows from the completeness of the Mackey topologies 
p* = t{X*,X) and t{X**,X*), respectively (see fW, Proposition 1.1]). Indeed, 
suppose for example (vii). Let (a;„) be a weakly null sequence. Then any subse- 
quence {xk„) is also weakly null and hence (by (vii)) ca^ {xk„) — 0. It follows that 
any subsequence of (a;„) has a further subsequence which is p-Cauchy. Indeed, let 
{un) be any subsequence of (a;„). Set u'^ = u„ and construct by induction (u^j) 
a subsequence of (uf^^^) with cap (ufj < i. The diagonal sequence (w^) is then 
/9-Cauchy. By the aforementioned completeness it follows that any weakly null p- 
Cauchy sequence is p-nuU. Thus any subsequence of (xn) has a further subsequence 
which is p-nuU. Therefore (a;„) itself is p-null. We have proved that X satisfies the 
condition (iv) of Theorem 15.11 hence X has the Dunford-Pcttis property. The rea- 
soning for (vi) =^ (i) is similar. Thus it is sufficient to show that the Dunford-Pettis 
property implies all the other assertions. 

(i) =J> (ii) Suppose X has the Dunford-Pettis property, Y is any Banach space 
and T : X ^ Y is a bounded linear operator. By Theorem 15 . 1 f iv*) . weakly Cauchy 
and p-Cauchy sequences in X coincide, thus in particular cc (T) — cCp (T). Since 
obviously cCp (T) < contp (T) (cf. 1^^), Theorem EH] gives (ii). 

(i) (iii) Similarly, suppose X has the Dunford-Pettis property, Y is any Banach 
space and T : Y X is a bounded linear operator. By Theorem IS.lf v). weakly 
Cauchy sequences in X* are p*-Cauchy, thus in particular cc (T*) < cCp* (T*). 
Since obviously cCp. (T) < contp- (T*), Theorem HIT] yields (ni). 

(i) ^ (v) Let {xn) be a bounded sequence in X and (a;*) be a weakly null 
sequence in Bx*- Let c > uj{{xn ■ n € N}) be arbitrary. Fix a weakly compact set 
K C X such that d({a;„ : n G N}, K) < c. For each n S N, let y„ S -ftT be such that 
WVn — Xn\\ < c. Since (a;*) is weakly null, it is also p*-null (by Theorem 15.1 p . so in 
particular -> uniformly on K. It follows that x*^{yn) — > 0. Hence 

limsup Ix* (a;„)| < limsup (a;„ - 2/„)| + limsup (2/„)| < limsup |lx„ - j/„|| < c. 

This completes the proof. 

(i) (iv) This implication can be proved exactly as the previous one, we only 
need to interchange roles of X and X* . 

(i) => (vii) Let c > uj{{xn : n e N}) be arbitrary. Fix a weakly compact set 
K C X such that d({a;„ : n eN},K) < c. For each n G N, let y„ S be such that 
— a^nll < c. Since K is weakly compact, there is a subsequence [yuk) weakly 
converging to some y € K. Then (ynk) is also p-convergent (by Theorem 15. ip . 
To complete the proof it is enough to show that cap {xn^ ) < 2c. Fix any weakly 
compact L C Bx* ■ Then for any k,l S N we have 

qLiXrik -Xni) < qL{Xn„ - VnJ + QLiyuf, " ^n, ) + 9L (Z/n, - Xn,,) < 2c+qL{ynk -Vn,)- 

It follows that 

cap (xnt ) <2c + cap {y„^ ) = 2c 

and the proof is completed. 

(i) (vi) This implication can be proved analogously to the previous one by 
interchanging roles of X and X*. □ 

Remark 5.3. Quantities cap» (•) and cap (•) in the assertions (vi) and (vii), re- 
spectively, of Theorem 15.21 cannot be replaced by cap* (•) and cap(-). Indeed, let 
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X be an arbitrary Banach space possessing the Dunford-Pcttis property. Con- 
sider a sequence (a;„) of the form a;,0,x, 0, ... in X* (in X) with x ^ Q. Then 
ui{{xn : n G N}) = 0, but cap. (a;„) = (ca^ (a;„) — \\x\\, respectively). 

It is natural to ask whether a variant of Theorem 15.21 can be proved with quan- 
tities Lo{-) replaced by the respective quantities wk (•). Interestingly enough, the 
study of this question brings us to deeper understanding of the Dunford-Pettis 
property. It turns out that the analogues of conditions (ii), (iv) and (vi) with a;(-) 
replaced by wk (•) are all equivalent to each other and so are the analogues of con- 
ditions (iii), (v) and (vii). Both groups of these quantitative assertions obviously 
strengthen the Dunford-Pettis property, however, as Example II . 1 1 will show, they 
are incomparable in general. This reveals the dual nature of the Dunford-Pettis 
property which is not apparent in the classical non-quantitative case. 

Theorem 5.4. Let X be a Banach space. The following assertions are equivalent: 

(i) There is C > such that cc (T) < C wkx* (T*) for any operator T from X 
to a Banach space Y . 

(ii) There is C > such that cc (T) < C wkx* (T*) for any operator T from X 
to too- 

(iii) There is C > such that limsup (a;„)| < Cwkx* ({^^Jj : n e N}) when- 
ever (xn) is a weakly null sequence in Bx and (x*) is a bounded sequence 
m X*. 

(iv) There is C > such that cap. (x* ) < C'5 (x* ) for any bounded sequence 
ix*JtnX*. 

(v) There is C > such that cap. (a;*) < Cwkx* ({a;,* : n G N}) for any 
bounded sequence (x*) in X* . 

(vi) There is C > such that cc (T) < C wky (T) for any operator T from X 
to a Banach space Y . 

(vii) There is C > such that cc (T) < C wk^^ (T) for any operator T from X 

to too- 

Proof. The implication (i) (ii) holds trivially, even with the same constant. 

(ii) (iii) Let us assume that there is C > such that cc (T) < Cwkx. (T*) 
for any operator T from X to £oo- Let (a;„) be a a weakly null sequence in Bx and 
(x*) be a bounded sequence in X*. We will show that 

limsup K(a;„)| < SCwkx* ({x* : ti G N}) . 

Let us define operator S : £i X* by 5(A„) = X^n-^n^n- Since S'e„ = x* 
for every n G N, where e„ denotes the n-th basic vector in £i, the set S{Bf,^) is 
contained in the closed absolutely convex hull of {x* : n G N}, and so, by [12} 
Theorem 2], 

(5.1) wkx* {S) < 2 wkx* ({x; : n G N}) . 

In fact, the result of [12] is formulated for the closed convex hull, but the result on 
the closed absolutely convex hull is an easy consequence (both in the real and the 
complex cases). 

Let T be the restriction of S* to the space X. Then T is an operator from X to 
£oo- Using the fact that (xi, 0, X2, 0, . . .) is a weakly Cauchy sequence in Bx^ the 



18 



MIROSLAV KACENA, ONDREJ F.K. KALENDA AND JIM SPURNY 



assumption (ii) and estimates p.Sp and ()5.ip . we can write 



limsup jx* (a;„)| = limsup |e„(r2:„)| < limsup ||Ta;„| 



< cc (T) < Cwkx' (T*) 

< 2Cwk,^ (T) < 2Cwk,^ (S*) 

< ACwkx' (S) < SCwkx* {{x*^ : n e N}) . 



(iii) ^ (iv) Let us assume that (iii) holds with a constant C > 0. We will 
show that (iv) holds with the constant 2C + 1. Let (x* ) be a bounded sequence 
in X*. If cap. (x*) — 0, the inequality is obvious. So, suppose cap* (x*) > and 
fix any < G (0, cap. (x* )). Then there is a sequence of natural numbers Z„ < m„ < 
In+i, n G N, and a weakly compact set K C Bx such that (Z/f (x;*^ — > t for 

every n g N. Let (x„) be a sequence in K such that |(x;*^ — x*„^)(x„)| > t for 
every n E N. By passing to a subsequence if necessary, we may assume that (x„) 
is weakly convergent to some x E K . Then the sequence (?/„) = { ^"■~^ ) is a weakly 
null sequence in Bx- 

Any weak* cluster point of the sequence (x^ — x^^) in X*** is the difference of 
two weak* cluster points of (x*) in X*** , in particular 



Using consecutively the fact that x„ = 2?/„ + x, the validity of (iii) with C and 
(IE21), we get 

t < liminf |(x;^ -x;^J(x„)| 

< 2 limsup I (xf^ - x*„^J{yn) \ + limsup |(xf^ - x;,^)(x)| 

< 2Cwkx. ({x;-^ -xl^^-.nE N}) + wkx- ({x;*^ - xl,^ : n E N}) 
<(2C + l)<5(x;) 

and the proof is completed. 

(iv) ^ (v) Let us assume that there is C > such that cap. (x* ) < C5 (x* ) for 
any bounded sequence (x*) in X. Since, by [HI Theorem 1], 



using the assumption we get 

cV «) < C5{xl) < 2Cd(clustx...(x;),X*) = 2Cwkx. ({x^ : n e N}) 

for any bounded sequence (x*) in X*. 

(v) (i) Suppose that (v) holds with a constant C > 0. We will show that (i) 
holds with 2C. Let T be an operator from X to a Banach space Y. Fix arbitrary 
numbers u < cc (T) and v > wkx* (T*). It suffices to show that u < 2Cv. 

Since cc (T) > u, there is a weakly Cauchy sequence (x„) in Bx with ca (Txn) > 
u. Let < < In+i, n G N, be a sequence of natural numbers and (?/*) be a 
sequence in By such that |y*(Txi„ — Txm„)| > u for every n G N. Further, using 
the inequality wkx* (T*) < u we get wkx* {{T*yn '■ n £ ^}) < "v. It follows then 
from the assumption (v) that cap. {T*y^) < Cv. By passing to a subsequence, 
if necessary, we may assume that cap. (T*y'^) < Cv. The set K — j '^'""'^'"" : 
n G N} is relatively weakly compact in Bx and hence there is G N such that 



(5.2) 




^(x:) <2d(clustx"*(x:),A*), 
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qK{T*y* - T*y*) < Cv for every i,j > N. It follows that for j > N we have 
u < \y*{Txi. -Txjnj)\ = \T*y*{xi^ - a;™,)! 

< 2\{T*y* ~ T*y%){2-\xi^ - x^^))\ + \T*y%{xi^ - x^^)\ 

< 2qK{T*y* ~ T*y%) + \T*y*j,{xi^ ~ 
<2Cv+\T*y%{xi^ ~x„,,)\, 

hence 

u < 2Cv + limsup \T*y*ff{xi^ - Xmj)\ = 2Cv, 

as the sequence {xi^ — Xm^ ) is weakly null. 

Finally, the equivalences (i) <^ (vi) and (ii) <^ (vii) follow from (I2.8p . □ 

We have included to the previous theorem also conditions (vi) and (vii) as they 
quantify the classical definition of the Dunford-Pettis property. However, in view 
of conditions (i) and (ii) and Theorem l5.21 it is more natural to define the Dunford- 
Pettis property using the implication 

T* is weakly compact T is completely continuous, 

as this is the formulation which can be canonically quantified. 

Theorem 5.5. Let X be a Banach space. The following assertions are equivalent: 

(i) There is C > such that cc (T*) < Cwkx (T) for any operator T from a 
Banach space Y to X . 

(ii) There is C > such that cc (T*) < Cwkx (T) for any operator T from £i 
to X. 

(iii) There is C > such i/iai limsup |a;* (x„)| < Cwkx ({a;„ : n G N}) whenever 
{xn) is a bounded sequence in X and (x* ) is a weakly null sequence in Bx* ■ 

(iv) There is C > such that cap (xn) < CS (a;„) for any bounded sequence (xn) 
in X. 

(v) There is C > such that ckp (a;„) < Cwkx ({x„ : n G N}) for any bounded 
sequence (xn) in X . 

The proof is very similar to the proof of Theorem 15.41 Anyway, for the sake of 
clarity we indicate its proof. 

Proof. The implication (i) (ii) holds trivially, even with the same constant. 

(ii) ^ (iii) Let us assume that there is C > such that cc (T*) < C wkx (T) for 
any operator T from £i to X. Let (x„) be a bounded sequence in X and (cc* ) be a 
weakly null sequence in Bx-' • We will show that 

limsup |x* (a;„)| < 2Cwkx {{xn ■ n e N}) . 

Let us define operator T : £i ^ X hy T(A„) = J2n ^nXn- Since Te„ — Xn for 
every n G N, where e„ denotes the n-th basic vector in £i, and since (xj, 0, X2, 0, . . .) 
is a weakly Cauchy sequence in Bx* , we can write 

limsup jx* (x„)| = limsup |(r*a;* )(e„)| < limsup ||r*a;* || < cc (T*) < C wkx (T) . 
By [la Theorem 2], 

wkx (T) <2wkx({a;„ :nGN}), 
and the conclusion follows. 
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The implications (iii) =^ (iv) and (iv) (v) can be proved by copying the proofs 
of respective imphcations of Theorem 15.41 interchanging the role of X and X* and 
replacing p* by p. 

(v) (i) Suppose that (v) holds with a constant C > 0. We will show that (i) 
holds with 2C. Let T be an operator from a Banach space Y to X . Fix arbitrary 
numbers u < cc (T*) and v > wkx (T). It suffices to show that u < 2Cv. 

Since cc(T*) > u, there is a weakly Cauchy sequence (x*) in Bx' such that 
ca (T*a;* ) > u. Let Z„ < r7i„ < In+i, ti G N, be a sequence of natural numbers 
and (y„) be a sequence in By such that \{T*Xi^ — T*x^^){yn)\ > u for every 
n e N. Further, using the inequality wkx (T) < v we get wkx {{Tyn '■ n G N}) < v. 
It follows then from the assumption (v) that cap (Tyn) < Cv. By passing to a 
subsequence, if necessary, we may assume that cap (Tyn) < Cv. The set K = 
| ^i„ ; 7j g pjj is relatively weakly compact in Bx* , and hence there is TV g N 
such that qK{Tyi — Tyj) < Cv for every i,j > N. It follows that for j > N we have 

u < \{T*xl - T*x*^.){yj)\ = \{xl - x*^.){Tyj)\ 

< 2\{2-\xl - x*^^)){Ty, - TyN)\ + - x*^^){TyM)\ 

< 2qK{Ty, - Tyr,) + \{xl - xl,^){TyM)\ 
<2Cv+\{xl-x*„,^){TyM)l 

hence 

u < 2Cv + limsup \{xl. — x*^.){TyN)\ — 2Cv, 
as the sequence (x^^. — x'^. ) is weakly null. □ 

Definition 5.6. We say that a Banach space X has the direct quantitative Dunford- 
Pettis property if X satisfies the equivalent conditions of Theorem 15.41 In case X 
satisfies the equivalent conditions of Theorem 15.51 we say that X has the dual 
quantitative Dunford- Pettis property. 

It is clear that while Theorem 15.41 aims to quantify the classical formulation 
"every weakly compact operator from X into a Banach space Y is completely 
continuous" , whereas Theorem 15.51 is a quantification of the topological character- 
ization of the Dunford-Pettis property "every weakly convergent sequence in X is 
p-convergent" . Example 110.11 below shows that these two quantifications define 
different classes of Banach spaces in general. 

However, the two quantifications are still connected in a way. From the charac- 
terization (iii) of the Dunford-Pettis property in Theorem 15.11 it is obvious that if 
the dual space X* of a Banach space X has the Dunford-Pettis property then the 
space X itself has the same property. The following theorem describes an analogous 
result for quantitative versions. 

Theorem 5.7. For any Banach space X , the following assertions hold: 

(a) // X* has the dual quantitative Dunford-Pettis property then X has the 
direct quantitative Dunford-Pettis property. 

(b) // X* has the direct quantitative Dunford-Pettis property then X has the 
dual quantitative Dunford-Pettis property. 

Remark 5.8. The previous theorem can be stated more precisely as follows: Let 
X be a Banach space. 
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(a') If X* satisfies one of the conditions (i), (iii), (iv) or (v) of Theorem [53] with 
a given constant C, then X satisfies the respective condition of Theorem l5.4l 
with the same constant. 

(b') If X* satisfies one of the conditions (iii), (iv) or (v) of Theorem 15.41 with a 
given constant C, then X satisfies the respective condition of Theorem 15.51 
with the same constant. In case of the assertion (i), the respective condition 
(i) in Theorem l5.5l is satisfied with AC. 

Proof. The first assertion is ahiiost obvious, it uses only the easy facts that cc (T) < 
cc (T**) for each operator T and that cap* (•) < cap (•) on a dual space. Let us show 
the second assertion for the four specified cases: 

(i) Let T : F — > X be a bounded operator. Using the assumption and (|2.8p we 

get 

cc (T*) < Cwkx" (T**) < 4Cwkx (T) . 

(iii) Let (x* ) be a weakly null sequence in Bx' and (a;„) be a bounded sequence 
in X. Then the assumption gives 

limsup \x*^{xn)\ < Cwkx" ({a;„ : n G N}) < Cwkx ({a;„ : n 6 N}) , 

because the inclusion X C X** yields the second inequality. 

(iv) Let (xn) be any bounded sequence in X. Then cap (x„) = cap* (x„), where 
the topology p* on the right-hand side is considered on X**. By the assumption 
we have cap* (a;„) < C6 {x„). The quantity 5 {x„) does not depend on whether we 
consider the sequence in X or in X**. It follows that cap (x„) < CS (a;„). 

(v) Let {xn) be any bounded sequence in X. Then cap (a;„) = cap* (x„) (similarly 
as in the previous case). By the assumption we have 

cap* (x„) < C wkx** {{xn '■ n 6 N}) . 

We conclude by noticing that wkx-* {{xn : n G N}) < wkx ({I'n : n £ N}) as in 
(in). □ 

Now we are going to mention which classes of Banach spaces do have quanti- 
tative Dunford-Pettis property. To this end let us recall the classical terminology 
concerning Cp spaces. If X and Y are isomorphic Banach spaces, by d(X, Y) we 
denote their Banach-Mazur distance, i.e., 

d{XX) = inf{||T||||r"^|| : T is an invertible operator from X onto Y}. 

Let 1 < p < oo and 1 < A < oo. A Banach space X is said to be an Cp^x space if 
for every finite-dimensional subspace B oi X there is a finite-dimensional subspace 
C oiX such that C D B and d(C, t^) < A where n = dimC. 

A Banach space is said to be an Cp space, 1 < p < oo, if it is an Cp^x space for 
some A < oo. 

One of our main objectives in the rest of this paper will be the proof of the 
following theorem. 

Theorem 5.9. Every Ci space and every Coo space has hath the direct and the 
dual quantitative Dunford-Pettis properties. 

The case of Coo spaces follows from Theorems 18.51 and 19.61 The case of Ci spaces 
then follows from Theorem 15 . 71 because the dual of an Ci space is an Coo space by 
[2Ql p. 58]. 

The following example shows that the Dunford-Pettis property is not automati- 
cally quantitative in either sense. 
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Example 5.10. There is a Banach space X with X* separable such that 

• X has the dual quantitative Dunford- Pettis property, but not the direct 
quantitative Dunford-Pettis property, 

• X* has the direct quantitative Dunford-Pettis property, but not the dual 
quantitative Dunford-Pettis property. 

• X (BX* has the Dunford-Pettis property but not any of its two quantitative 
versions. 

The example is constructed in Section [TU] where several more properties of this 
space are stated and proved. 

6. The Schur property and quantitative Dunford-Pettis properties 

Let us recall that a Banach space has the Schur property if any weakly convergent 
sequence is norm convergent. It is obvious that any Banach space X with the 
Schur property enjoys the Dunford-Pettis property as any operator defined on X is 
completely continuous. A well-known consequence of this observations says that a 
Banach space, whose dual has the Schur property, has the Dunford-Pettis property. 
Moreover, such spaces enjoy also the reciprocal Dunford-Pettis property. We will 
show that these results can be refined in a quantitative way and even strengthened 
if a quantitative Schur property is assumed. Let us start with the following easy 
consequences of Rosenthal's £i-theorem. 

Lemma 6.1. Let X be a Banach space not containing an isomorphic copy of £i. 

(i) Let Y be any Banach space and T : X ^ Y be a bounded operator. Then 

wky (T) < uj{T) < xiT) < P[T) < cc (T) . 

(ii) Any bounded sequence (x*) in X* satisfies ca (x* ) < Sca^* (a;*). 

Proof, (i) Only the last inequality requires a proof, the remaining ones follow from 
(|2.5p . So, let {xk) be any sequence in Ex. By Rosenthal's £i-theorem (see [5S]) 
there is a weakly Cauchy subsequence {xk„ ) . Thus 

ca (Txk) < ca {TxkJ < cc (T) , 

hence f3{T) < cc (T) which we wanted to show. 

(ii) If (a;*) is norm-Cauchy, then the inequality is obvious. So, suppose that 
ca (x* ) > and fix any c G (0, ca (a;* )). Then there is a sequence of natural numbers 
In < rUn < In+i, n S N, and a sequence (a;„) in Ex such that \{x*i^ — a;^^)(a:„)| > c 
for every n G N. By Rosenthal's i?i-theorem, there is a weakly Cauchy subsequence 
of {xn). Let us assume, without loss of generality, that /„ = 2n — 1 and m„ = 2n 
for every n G N and that (a;„) is weakly Cauchy. 

Since, for every fc G N, the singleton {x^} is a weakly compact set in Ex^ there 
is some n/j > fc such that \{x2n^~i~ ^2nk)i^k)\ < cap. (x*)-f Using this estimate 
and the fact that {iniyii : A: g N} is a relatively weakly compact subset of Ex, 
we can write 

c < limsup|(a:2„^_i -x^„J(x„J| 

< 21imsup|(a;^„^_i - a;J„ J(2"i(a;„, - Xk))\ + limsup |(a;2„^,_i -x^„J(a;fc)| 

< 2 cap. (x*) -I- limsup(cap. {x*n) + \) ^ 3 cap. (x*) . 

This completes the proof. □ 
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In the following proposition we explicitly formulate a trivial fact on Banach 
spaces with the Schur property, so no proof is required. 

Proposition 6.2. Let X be a Banach space with the Schur property. Then any 
bounded linear operator T : X for any Banach space Y is completely continu- 
ous. In particular, X has the direct quantitative Dunford- Pettis property. 

Theorem 6.3. Let X be a Banach space whose dual has the Schur property. 

(i) Let T : X ^ Y be a bounded operator. Then 

(6.1) wky (T) < c^(T) < x(T) < ec (T) < 2c^(r*) = 2x(r*) < 4x(T). 

(ii) The space X has the dual quantitative Dunford-Pettis property. More pre- 
cisely, any bounded sequence (xn) in X satisfies cap (x„) — 6 (xn). 

Proof, (i) The first two inequalities follow from (I2.5p . the third one follows from 
Lemma 16.11 as X does not contain an isomorphic copy of £i . (If X contains an 
isomorphic copy of £i, by [25, Proposition 3.3] the dual space X* contains an 
isomorphic copy of C({0,1}^)*, hence also an isomorphic copy if C([0,1])*. The 
space C([0, 1])* fails the Schur property as it contains a copy of L^{0, 1). Thus X* 
fails the Schur property as well.) 

The fourth inequality follows from Theorem 15.21 as X has the Dunford-Pettis 
property. (This follows from the second assertion (ii) or by the following reasoning. 
If T : X Y is weakly compact, then T* : Y* ^ X* is weakly compact as well 
by the Gantmacher theorem. Since X* has the Schur property, T* is compact. By 
the Schauder theorem, T is compact as well, hence T is completely continuous.) 

Further, since X* has the Schur property, uj{T*) — x{T*)- 

The last inequality follows from (|2.6p . 

(ii) Since X* has the Schur property, it has the direct quantitative Dunford-Pettis 
property by Proposition [621 Hence X has the dual version due to Theorem 15.71 

Let us show the precise version. If X* has the Schur property, it satisfies the 
condition (i) of Theorem 15.41 with C = 0. Therefore it satisfies the conditions 
(ii) and (iii) of the same theorem with C = as well, so it satisfies the condition 
(iv) of the mentioned theorem with C = 1 (all the implications follows from the 
computation of constants within the proof). By Remark l5.8l we get that X satisfies 
the condition (iv) of Theorem 15.51 with C = 1, i.e., c&p{xn) < 5 [xn) for each 
bounded sequence (x„) in X. Since the converse inequality is obvious, the proof is 
completed. □ 

The assertion (i) of the previous theorem shows that, assuming X* has the Schur 
property, the quantities x{T), cc (T), xiT*) and a;(T*) are equivalent. In particular, 
such spaces enjoy a quantitative version of the reciprocal Dunford-Pettis property. 
However, the quantities uj{T) and wky (T) need not be in this case equivalent with 
the others, i.e., X need not have the direct quantitative Dunford-Pettis property, 
see Example 110.11 below . However, if we assume that X* has a quantitative version 
of the Schur property, we obtain equivalence of all the quantities. Let us recall the 
necessary definition. 

In [23|, a Banach space X is said to have the C -Schur property (where C > 0) if 

(6.2) c&ixk) <CS{xk) 

for any bounded sequence (xk) in X. If X has the C-Schur property for some C > 0, 
it easily follows that X has the Schur property. Indeed, if (xk) is weakly Cauchy 
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in X, 6 (xk) — 0, and thus csL^Xk) ~ 0. The space constructed in [23i Example 
1.4] serves as an example of a Banach space with the Schur property without the 
C-Schur property for any C > 0. On the other hand, ^i(r) possesses the 1-Schur 
property (see ^23, Theorem 1.3]). 

The relationship of quantitative Schur property and quantitative Dunford-Pettis 
property is contained in the following proposition. The second assertion is a stronger 
version of the dual quantitative Dunford-Pettis property. (To see that this condition 
combined with the Dunford-Pettis property indeed yields the dual quantitative 
Dmiford-Pettis property it suffices to use Theorem 15. 2f vii) to derive condition (v) 
in Theorem [53]) 

Proposition 6.4. Let X be a Banach space with the C -Schur property where C > 0. 

(i) It holds cap (a;„) < C5 (a;„) for any bounded sequence (a;„) in X . In par- 
ticular, X has the both the direct and the dual quantitative Dunford-Pettis 
properties. 

(ii) Let A C X be a bounded set. Then 

(6.3) wkx (A) < Lj{A) = x{A) < (3{A) < 2Cwkx (A) . 

Proof. The assertion (i) from the fact that cap (a;„) < ca(x„) for any bounded 
sequence (x„) in X and from Proposition [621 

(ii) Let A be a bounded set in X. If (xk) in X is a bounded sequence, by taking 
consecutively infima in (|6.2[) over all subsequences we obtain 

(6.4) ca{xk) <CSixk). 
By [221 Theorem 1], 

(6.5) Sixk) <2d{c\ustx''{xk),X) 

for any bounded sequence (xk) in an arbitrary Banach space, and thus (|6.5p together 
with fO)) yield 

ca (xk) < 2Cd(clustx'* (xk), X). 

Hence 

(6.6) I3{A) <2Cwkx{A). 

Since X has the C-Schur property, it has the Schur property, and thus any weakly 
compact subset of X is norm compact. Hence 

(6.7) xiA)^i^iA). 

A consecutive use of jMl, ([67]) . ([2?2|) and ([O]) gives 

wkx (A) < oj{A) = x(^) < f3{A) < 2Cwkx (A) , 
which is the inequality (|6.3p . □ 

The next assertion uses Proposition 16.41 to show the equivalence of quantities 
wky (T) , a;(T), x(T), cc (T) and uj{T*) for spaces whose dual has the C-Schur prop- 
erty. For such a space X and an operator T with domain X, it shows that the com- 
pactness (both norm and weak) of T and its adjoint are quantitatively equivalent 
to the complete continuity of T. 
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Theorem 6.5. Let X be a Banach space and X* have the C-Schur property for 
some C > 0. If Y is a Banach space and T : X is a bounded linear operator, 

we have 

wky (T) < w(T) < x(T) < cc (T) 
^ ' ' < 2u{T*) = 2x(T*) < ACwkx' (T*) < SCwky (T) . 

In particular, X has both the direct and the dual quantitative Dunford- Pettis prop- 
erties. 

Proof. The inequalities follow from Theorein l6.3[ ProDOsition l6.4f ii) and (|2.8p . The 
'in particular' part follows from Proposition I6.4f i) and Theorem 15. 71 □ 

The space £i{T) has the 1-Schur property (in |23l Theorem 1.3] this is proved 
for £i, but it is clear that it holds also in case of an uncountable set F). It follows 
that the previous theorem can be applied to X — ii (F) with C = 1 . Let us remark 
that in this way we obtain a weaker variant of Theorem 18.21 

It is well known that the dual space X* of a Banach space X has the Schur 
property if and only if X has the Dunford-Pettis property and contains no copy of 
ii (see [SI Theorem 3]). The following theorem quantifies this assertion. 

Theorem 6.6. Let X be a Banach space. Then X* has the quantitative Schur 
property if and only if X has the direct quantitative Dunford-Pettis property and 
contains no copy of £i . 

Proof. Suppose that X* has the quantitative Schur property. Then X contains no 
copy of £i (see, e.g., the proof of Theorem 16. 3r i)) and has the direct quantitative 
Dunford-Pettis property by Proposition [HUl 

The converse implication follows by combining the condition (iv) of Theorem l5.4l 
with Lcmma lG.lT ii). □ 

The next Theorem 16. 71 further enriches the class of Banach spaces satisfying the 
assumptions of Theorem 16.51 This result enables us to deduce that a subspace X 
of the space K{£2) of compact operators on £2 has the Dunford-Pettis property if 
and only if X has the direct quantitative Dunford-Pettis property. 

Theorem 6.7. Let X be a subspace o/co(F). Then X* has the 2-Schur property. 

In the course of the proof of Theorem 16.71 we will use the following notation: if 
X € co(r) or 2: G ^i(r) and A cT, then x\a denotes an element defined as 



(^U)(7) 



7 e ^, 
7 e r\ A. 

First we need the following lemma which is a variant of [l] Lemma 1.7] 




Lemma 6.8. Let X be a Banach space and (x* ) be sequence in X* weak* converging 
to X* . Assume that 0<e<c—2e<c are positive numbers such that \\x*\\ < e and 
W^nW ^ c — 2e for all n £ N. Then, for any finite dimensional subspace F C X* , 
there exists rtg G N such that for each n > uq we have 

dist«,^) > ^-2e. 
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Proof. Given the objects as in the premise, assume that dist(a:;* , i^) < § — 2e for 
infinitely many indices n. We assume that this holds for all n G N and find E F 
such that 

||<-2/:il <|-2£, neN. 

Since (x* ) is bounded, (y*) is bounded as well, and thus we may assume that (y*) 
converges in norm to y*. Then 

lim >liminf(||<||-||y:-<||)) >c-2£-^ + 2e=^. 

On the other hand, (x* — y*) converges weak* to — y*. Thus 

||x*-y*|| <liminf||<-y:|| <^-2s. 

n— >oo Z 

Hence 

^<\\y*\\<\\y*^x*\\ + \\x*\\<^-2e + e^^~e, 
a contradiction. □ 

The next lemma is a refinement of constructions from [2^ Lemma 2.1] and [5J 
Theorem 1.1]. 

Lemma 6.9. Let X be a subspace of Co{T), c > and (yn) be a sequence in 
£i{T) — co(r)* such that 

• (y-n) weak* converges to in ^i(r), 

• ||yn|x|| > c for each neN. 

Then for any rj > there is a subsequence {ynu ) such that each weak* cluster point 
of {yrik \x) in X*** has norm at least ^ — rj. 

Proof. For n £ N set (/3„ — yn\x. Let e G (0, |) be arbitrary. Without loss of 
generality, we may assume that e < 1. We select strictly positive numbers (efe) 
such that X^fcli < £• 

We inductively construct indices ni < n2 < ■ ■ ■ , finite sets = Fq C Fi C r2 C 

• • • C F and elements Xk € X such that, for each A; G N, 

(a) ||xfc|| < 1, a:fe = on Ffe.i and ||a;fe|r\rjl < efe, 

(b) I'PnAxk)] > § - 2e and IfnAHtZl <e - \\J2^IiXi\\, 

(c) if we denote y^^ = Vnjr^ and yl^ = 2/nJr\rfc, then < efc. 

In the first step, we set Fq = and ni = 1. Since Wipm || > c, there is xi G Bx 
with |(^„j(a;i)| > c. Let a finite set Fi C F satisfy 

l|2;i|r\rill < ei and ||2/„Jr\ri II < ei- 

Since the second requirement in (b) is vacuous, the first step is finished. 

Assume now that we have found indices ni < ■ ■ ■ < n^, finite sets = Fq C 

• ■ • C Ffe and elements xi, . . .Xk satisfying (a), (b) and (c). We define an operator 
Rk ■ X ^ Co as 

RkX — x|rfc , X E X. 

Then Keri?^ is of finite codimension, and thus Fk — (Keri?fe)^ is a finite dimen- 
sional space in X* . Let m G N be chosen such that, for each n > m, 

• Xi)\<£-\\ YhZI x^\\, and 

• d\si{ipn,Fk) > f - 2e. 
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(The first requirement can be fulfilled due to the fact that ((p„) converges weak* to 
0, and the second one due to Lemma 16.81 ) Let Uk+i — m and 

Xk+i e {Fk)± = Keri?fe 

be chosen such that ||a;fe+i|| < 1 and 

(we use the fact that X* /Fk = {{Fk)±)*). We find a finite set Ffe+i D Tk satisfying 

l|a;fc+i|r\rfc+ill < Efc+i and ||2/n,+i |r\r,+i II < Efc+i- 

This finishes the construction. 
For J e N, let 

,/ 

It follows from (a) that, for each fc e N and J > k, we have 



(6.9) 



i=l 



< 1 + £, 



fc-1 



< 1 + £, 



i=k+l 



< 1 + e. 



Indeed, for fc e N and 7 G \ Ffc_i, we have from (a) 

{Ej, j < k, 
1, J = k, je N. 
0, J > k, 

Further, Xk is bounded by £k on F \ IJ^j^ Ffc by (a). This observations verify (|6.9I 
For each fc e N, we set 

^lij^^VnJx and ipl^=.yljx- 
For a fixed index fc e N and arbitrary J > k, we need to estimate 



(6.10) \^nduj)\ 



\i=l / \i=k+l J 



The condition (b) and (|6.9p ensures that 



(6.11) 



< £ ■ 



< e(l +e). 



From (b) we also have 
(6.12) 

Finally, (a) and (c) give 



If. 



i=k+l 



(6.13) 



\^ndxk)\ > - - 2e. 



\i=fc+l 

E 

\i=fe+l 

< ek{l + £). 



< 



E ^ 
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Using (i6Tl|) - (|6J3l) in (|6J0l) . we get 

\VnAuj)\ > ^-2e -£(!+£) -£fe(l+£) 

(6.14) i 

>--£(2 + 2£)>--4£. 

It follows from (|6.14p that, for zj = (1 + e)^^uj, we have zj G Bx by (|6.9p and 

|(p„, (zj)| > (1 + e)-i - 4e) , fc G N, J > fc. 
Let z** G Bjc.. be a weak* cluster point of (zj). Then 

(6.15) |9:>„Jz**)|>(l + £)-i(^-4e), fc G N. 

It follow that each weak* cluster point of {'Puk) has norm at least (1 + e)^^(| — 6e). 

This completes the proof, as given r/ > 0, we can in the beginning choose e such 
that 

(l+e)-(^4e)>|-,. 

□ 



Proof of Theorem \6.7\ Let X be a subspace of co(r) and (x* ) be a sequence in X* 
bounded by a constant AI. We consider arbitrary < c < ca(a;*). We extract 
subsequences (a„) and (6„) from (x*) such that 

(6.16) c<||a„-5„||, nGN. 

We denote (p„ = a„ — 6„, n G N. We extend a„ to v4„ G ^i(r) and ipn to z„ G ^i(r) 
with preservation of the norm and set i3„ = — z„. Then _B„ is an extension of 
bn (not necessarily preserving the norm). By passing to a subsequence if necessary, 
assume that (An) converges pointwise (and hence weak* in ^i(r)) to some A G ^i(r) 
and {Bn) converges pointwise to some B G ^i(r). (This is possible due to the fact 
that any sequence in ^i(r) can be viewed as a sequence in ^i(r') for a countable 
r' C r.) Then (z„) weak* converges to A - B. Set ?/„ = z„ - A + B for n G N. 
Then (?;„) weak* converges to and > c — \\{A — B)\x\\ for each n G N. 

Let £ > be arbitrary. By Lemma 16.91 there is a subsequence (yn^) such that 
each weak* cluster point of {yuklx) in X*** has norm at least 

^{c-\\{A-B)\x\\)-e. 

Let a be a weak* cluster point of (a„fc) in X***. Let (ar) be a subnet of (ttn^) 
weak* converging to a. Let 6 be a weak* cluster point of the net (br)- Then a and 
b are weak* cluster points of (x*) in X***. 

Obviously a\x — A\x and b\x — B\x and, moreover, a — b — {a — b)\x = 
a — b - {A - B)\x is a weak* cluster point of {i/n^ \x) in X***. Thus 

\\a-b-{a-b)\x\\>l{c-\\{A-B)\x\\)-e. 
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Further, let F S (^oo(r))* = co(r)*** be an extension of a - 5 with preserving 
the norm. Then 

\\a b\\ = \\F\\ = ||F|,„(r)|| + ||F - F|,„(r)|| > + \\{F ^ F|,„(r))|x" |1 

^\\iA^B)\x\\ + \\a-b-{a-b)\x\\ 

>\\{A~B)\x\\ + lic^\\iA-B)\x\\)-e 

^lic+\\iA-B)\x\\)-s>^~e. 

(Let us remark that, for a Banach space Y and G £ y*** , we denote by G|y 
the respective element of Y* canonically embedded into Y*** .) It follows that 
H^k) > f ~ £• Since e > is arbitrary, S {xD > |. Hence that ca(a;^) < 26 {xD 
and the proof is completed. □ 

The following theorem completes the main results of [55] . More precisely, in 
the authors characterize subspaces of the space K{£p) of compact operators on ip 
(1 < p < oo) having the Dunford- Pettis property. We show that any such space 
enjoys automatically both types of the quantitative Dunford-Pettis property. 

Theorem 6.10. Let X be a subspace of the space K(£p) of compact operators on 
£p where 1 < p < oo. Then the following assertions are equivalent: 

(i) X has the Dunford-Pettis property. 

(ii) X* has the Schur property. 

(iii) X is isomorphic to a subspace o/cq. Moreover, in this case, there is for each 
e > an isomorphic embedding T : X ^ cq such that ||r||||T~^|| < 4 + e. 

(iv) X* has the 8-Schur property. 

(v) For each Banach space Y and each bounded linear operator T : X ^ Y , 
the inequalities (|6.8p hold with C — 8. 

(vi) The space X has both the dual and the direct Dunford-Pettis properties. 

Proof. The implication (ii) =^ (i) is well known (see the comments before Theo- 
rem 16. 6p . 

(i) (iii) If X has the Dunford-Pettis property, it is embeddable into cq by [29l 
Theorem 1]. Moreover, the constant of embedding can be explicitly computed from 
[29) Lemma 1 and 2]. Indeed, the embedding T : X ^ co is constructed as the 
composition o (p^, where </>a is provided by |29J Lemma 1] and ip is provided by 
PI Lemma 2]. The operator tp satisfies HV'II IIV'"^ II < 4 by [111 p. 420]. Further, cjjA 
satisfies ||0a||||</'a^II ^ 3 (see the computation in [551 P- 418]), but it can be easily 
modified to be an almost isometry. Indeed, if we replace in [211 formula (3) on p. 
420] the number j by |, then we will obtain ||0a||||</)^"^|| < This completes 

the proof. 

The implication (iii) (iv) follows from Theorem 16.71 Indeed, let T : X ^> cg 
be an embedding with ||T|| = 1 and ||T^^|| < 4 + e. Let (a;*) be a bounded 
sequence in X* . Then ((T*)~^a;*) is a bounded sequence in (T{X))* satisfying 
(5((r*)-ix;) < {4: + s)S{x*J. By Theorem O we get ca {{T*)-^x*„) < 2(4 
e)S (x* ), hence ca (x* ) < 2(4 -t- s)S (x* ) as well. Since e > is arbitrary, the proof 
is finished. 

The implications (iv) ^ (v) and (v) (vi) follows from Theorem 16.51 Finally, 
the implications (vi) ^ (i) and (iv) (ii) are trivial. □ 
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We also remind that the space {K{i2))* — N{£2) of aU nuclear operators on 
£2 does not have the Schur property as witnessed by the following easy example: 
if (e„) is the standard basis in £2, then the operators Tn{x) = (x, ei)e„, x € £2, 
converge weakly to and ||T„|| = ||ei||||e„|| = 1. 

7. Measuring weak non-compactness in spaces 

The aim of this section is to show that in the spaces of the form the 
quantities uj{-) and wk (•) are equal. This is proved first for the case of a finite 
measure fj,, then for spaces ^i(r) and finally for a general a-additive non- negative 
measure fi. 

Proposition 7.1. Let Y — L^{p), where ^ is a finite non-negative a -additive 
measure and X he any Banach space containing isometrically Y as a suhspace. 
Then 

(7.1) uj{A) = wkx [A) = wckx {A) = inf sup |y"(l/| - c)+ d/i : / G a| 
for each hounded set A gY . 

Proof. Let A C Y he a bounded set. Without loss of generality suppose A C By- 
By (|2?5l) we have 

wckx (A) < wkx (A) < uj{A). 

Further, since /i is finite, the set B = B^oc^^-j C is a weakly compact subset of 
X. Thus 

a; (A) < inf d(A,cB). 

00 

It is easy to check that 

d(/,cB) = 1(1/1 -c)+ d/i 

for each c > and / G y. Indeed, let f ^ Y he arbitrary. If 5 G cB is arbitrary, 
then \ f — g\ > {\f\ — c)~^ almost everywhere, which yields the inequality ">". The 
converse inequality follows from the fact that the function 



9it) 



fit) if|/(t)|<c, 
il if|/WI>c 



fit 



ri/(t) 

belongs to cB and J \ f — g\dfi = /(|/| — c)+d/i. Therefore the last quantity of 
(|7.1|) is equal to infc>o d{A, cB). It follows that to prove ()7.ip it is enough to show 
that 

(7.2) wckx i A) > inf d(A,cS). 

00 

Denote the right-hand side by d. If c? = 0, the inequality is obvious. So suppose 
that d > and fix any e G (0, f ). To finish the proof we will use the following 
claim. 

Claim. There are sequences (fk), iuk), i^k) and {wk) in Y satisfying the following 
conditions. 



(a) fk & A and fk = Uk + Vk + Wk for k eN. 

(b) The sequence (uk) is weakly convergent. 

(c) \\vk\\ <2e forked. 
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(d) II X]j=i "^i^i II — ("^ ~ 3e) ^"^j^ |aj I whenever n £ N and ai^..., ak are 
scalars. 

Let us first show how the proof can be finished using this claim. The claim itself 
will be proved afterwards. So suppose that we have such sequences (fk), (uk), (vk) 
and (wk). 

Take /** to be any weak* cluster point of the sequence (fk)- Let (/,-) be a subnet 
of the sequence (fk) which weak* converges to /** and {wr) be the corresponding 
subnet of the sequence (wk)- Denote the weak limit of (uk) by u. Take a weak* 
convergent subnet (w^) of (wr) and denote the weak* limit by w**. Then w** is 
a weak* cluster point of (wk), thus d{'w** ,X) > d — 3e by (d) and [22l Lemma 5]. 
Further, /** — w** - -u is a weak* cluster point of (vk), hence ||/** - w** — u\\ < 2e 
by (c). It follows that 

d{f**,X) = d{f** -u,X) > d{w**,X) - If** -w** -u\\ >d-5e. 

So, 

d(clustx"(/fcJ,X) >d-5£, 

hence wckx {A) > d — 5e. Since e e (O^ f ) is arbitrary, wckx {A) > d. This 
completes the proof. 

It remains to prove the claim. Fix ci > such that d{A, ciB) < d + e. We will 
construct by induction functions fk G A and numbers Ck > for fc G N such that 
Cl is the number chosen above and the following conditions are satisfied: 

(i) d{fk,CkB)>d{A,CkB)-e, 

(ii) Ck+i > Ck, 

(iii) Ie I/j'I < # for j = 1, . . . , fc, whenever fi{E) < 

It is obvious that the inductive construction can be performed. For each fc e N set 
Ek = {t : |/fc(i)| > Ck} and define the functions Uk, Vk and Wk as follows: 

• If \fk{t)\ < Cl then Uk{t) = fk{t), Vkit) = 0, Wk{t) = 0. 

• If \fk{t)\ e (ci,Cfc] then 

• If \fk{t)\ > Ck then 

«'W ^ ijk^""' ^ wt^'<"- ^ (' - ism) ^'"'^ 

Then fk = Uk+Vk+ Wk for each fc e N. It proves the condition (a). Further, 
since \vk{t) + Wk{t)\ = \vk{t)\ + |wfe(t)| for each t, we get \\vk + Wk\\ = ||wfc|| + ||wfc||. 
So, 

\\vk\\ - Ikfe + Wfcll - \\wk\\ =d{fk,ciB)-d{fk,CkB) 

< d{A, ciB) - d(A, CfeB) + e<d + £- d + e = 2£. 



which proves (c). 
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We continue by showing (d). So, fix n G N and scalars ai, . . . ,an- Using the 
triangle inequality and the fact that Wk =0 outside Ek we get 



n 




n 


EafcWfc 
fc=i 


-I 


fc=i 



fe=l 



dfj, 



n ,. 



,=1 •'^j\Uj<i<„ Ei 



y^^o-kWk 



d/x 




sAU,<i<„-Ei 



> 



E / i^'ji'i^- E / -Ei"*^! / 



d{fj,CjB) > d — e. Further, it follows from the Chcbyshev 



Note that /g \wji — Kxyjj,^^ 
inequality that ii{Ek) < ^ for each A; G N (recall that A C By), so using the above 
condition (iii) we may continue: 



fe=i 




E oi E 



ak\ 



i=j+i 

n n 



k<j 
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>{d- 2s) E - E E i"'^!^ ^ ('^ - E 
j=i j=i fc=i j=i 



Finally, the sequence (uk) is contained in ciB and hence it is relatively weakly 
compact. Therefore we can without loss of generality (up to extracting a subse- 
quence) suppose that it weakly converges. This shows (b) and the proof is com- 
plete. □ 

In the rest of this section we will often deal with £i-sums of Banach spaces. So, 
let us fix some notation. Let X = (^©^gr ■^'j) > where is a Banach space for 
each 7 s r. 

If 7 G F is arbitrary, denotes the canonical projection oi X onto X^. Further, 
if F C r is arbitrary, Pp denotes the canonical projection of X onto ^0^^^. '^'^^ £ ' 
If F = 0, we set Pq to be the projection onto {0}. 

The spaces Xj, 7 G F, and (^^^^pX-y^^ , F cT, are considered canonically 
embedded into X (other coordinates are set to be zero). 

Lemma 7.2. Let X^, 7 G F, 6e a family of Banach spaces and let X = {^^^^ X^ ^ . 
Let A c X be a bounded set. Then the following hold: 

(i) wckx (A) > inf{e > : (3F c F finite){\/x G A)(||Pr\Fa;|| < e)}. 

(ii) If A is weakly compact, then for each e > there is a finite set F gT such 
that \\Pr\px\\ < £ for each x & A. In particular, the set C = {7 G F : 
-P7U 7^ 0} countable. 
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(iii) If, moreover, each is reflexive, then 

uj{A) = wkx (A) = wckx (A) 

= inf{£ > : (3F C r finite)(yx G A){\\Pr\Fx\\ < s)}. 

Proof, (i) Let 9 denote the right-hand side. The infimum is weh defined as A 
is bounded. If 9 = 0, the inequahty is obvious. So, suppose that 9 > 0. Fix 
an arbitrary 77 £ (0, |). As 9 + -q > 9, there is a finite set Fo C F such that 
||Pr\Fo-^ll < 9 + rj ioi each x € A. We will use the following claim. 

Claim. There is a sequence (xk) in A such that 



whenever n G N and Ai, . . . , A„ are scalars. 

Let us show how to conclude the proof using this claim. Let (a;^) be the sequence 
provided by the claim. Let x** be any weak* cluster point of (xk) in X**. Since 

X = PfoX ©1 Pr\FoX we get 

X** = (PfoX)** ©1 iPr\F„X)** - P*p*X** ©1 P^{foX**, 



so y** = P^*p^x** is a weak* cluster point of {PY\FoXk), thus d{y**,X) > 9 — Ar] 
by [21 Lemma 5]. Further, clearly d{x**,X) > d{y**,X), thus 



d(clustx"(a::fc),X) >9-Ar], 



in particular, wckx (A) >9~ Arj. As 77 > is arbitrary, we get wckx {A) > 9 which 
was to be proven. 

It remains to prove the claim. We will construct by induction elements Xk £ A 
and finite sets C F for fc G N such that 

• \\Pr\F,_,Xk\\ >9-Tj, 

• ||Pr\Ffc 3:^11 < 77 for i < /c, 

• \\PF^\F^_,Xk\\ >9~ri. 

The construction is easy: Recall that we have the set Fq. Given Fk-i, we can find 
Xk fulfilling the first condition as 9 — rj < 9. Further, we can find a finite set Fk 
satisfying the other three conditions using the properties of the ^i-sum. 
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Let US show that this sequence (xk) has the required property. Let n > 1 be 
arbitrary and Ai, . . . , A„ be arbitrary scalars. Then 



i=l 



j-1 n 

n 

^T.\^MPfaf,^A^j)\\ 



i=J+l 



3 = 1 



n n 



Y.\\MPfaf,.A^j 

3 = 1 



> 



\Pr\FoXi\\ - ll^r\_F,_ia;jl| + \\PF„\FiXt 

n 

;0 + 7?-(0-ry)+r,)^|A,| 



i=l 



-Ei^^i 

n 

n 

HY.\^3\ 



This completes the proof of the claim and hence also (i) is proved. 

(ii) The first assertion follows easily from (i). Indeed, if A is weakly compact, 
then wckx {A) — and so the infimum is zero as well. To show the second assertion 
choose F„ C r a finite set corresponding to e = i. Then C C UneN hence it is 
countable. 

(iii) Denote the last quantity by 9. Due to (i) and (I2.5P it is enough to prove 
Lo{A) < 9. Let e > be arbitrary. Then there is a finite set F C T such that 
llPr^iT-a;!! < ^ + e for each x & A. Set Ap = Pf{A). Then Ap is a bounded subset 
of the reflexive space Pf{X), hence it is relatively weakly compact. Therefore, 
uj{A) < d{A, Ap) < 9 + e since, for any x e A, 



d(x, Ap) < \\x - Ppx\\ = ||Pr\Fa;|| <9 + s. 
Since e > is arbitrary, we get the sought inequality uj{A) < 9. 



□ 



As an immediate consequence of Lemma l7.2( iii) we get the following proposition. 
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Proposition 7.3. Let X = ii{T) for an arbitrary set T and A C X be a bounded 
set. Then 

xiA) = uj{A) = wkx (A) = wckx (A) = inf <| sup ^ |a;^| : F C T finite 

The following two lemmata extend Proposition 17.11 for an arbitrary measure /z. 
In the first one we prove a formula for uj(A). 

Lemma 7.4. Let X — L^{fi), where /i is an arbitrary non-negative a-additive 
measure and A C X be a bounded set. Then 



Lu{A) = inf I sup J (I/I - cXe) dfi : c> 0, fi{E) < oo j . 

Proof. We start by proving the inequality '<'. To do that we fix c > and a 
measurable set E of finite measure. Let K — {g € X : \g\ < cXe /^-a-e.}. Then K is 
weakly compact. Let f G X he arbitrary. Then clearly d(/, K) = J (|/| — cX^)+ d/i. 
Indeed, for each g G K we have |/ — 5I > (|/| — cXe)^ /i-a.e. and the function g 
defined by 

ii\fit)\<CXE(t), 

.^W)T if|/WI>cX£W 
belongs to K and ||/ - g|| = / (|/| - cX^)+ dfi. It follows that 



9(t) 



d{A,K)^snp f {\f\ - cXe)^ dfi 

feAJ 



feA. 

and the inequality '<' is proved. 

Before proving the converse inequality observe that without loss of generality we 
can suppose that fj, is semifinite, i.e., for each measurable set E with fJ,{E) > there 
is a measurable set E' C E with < /i(-E') < 00. Indeed, any fi can be canonically 
expressed as /i = Mi + /i2 where /ii is semifinite and fi2 takes only values and 
00 (see, e.g., [21] Section 5]). Moreover, this canonical decomposition fulfils the 
following property: 

yE,fii{E) <oo3E' CE: fi{E') = /ii(£;') = fii{E). 

Then L^{^) is canonically isometric to L^(/ii) and the quantity on the right-hand 
side is the same for fj. and /ii. 

So, suppose that fi is semifinite. Let {E^)j^y be a maximal family of measurable 
sets satisfying the following conditions: 

• < iJi{E^) < 00 for each 7 G F, 

• ^{E-y nEy) ^ $ for distinct 7, 7' e F. 

Let /i^ be the restriction of fi to Ej, i.e., ^^(i?) = n{E n Ej). Then (/i-),)^gr 
are mutually singular finite measures such that ^ = J^-yer ^^■y■ Then L^{^) is 
canonically isometric to the ^i-sum of the spaces L^{fj,y) for 7 G F (cf. [21, Proof 
of Theorem 5.1]). 

Now we are ready to show the inequality '>'. Let e > be arbitrary. Then there 
is a weakly compact set X C X with d(yl, K) < Ld{A) + e. By Lemma [7.21 there is 
F cT finite such that for each f G K we have 



/ 1/1(1 -Xu,e.i^.)dA^<^- 
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Set Ef = {JyeF^i^ f^F = Y.^eF and Kf {IXef ■ f ^ K}. Then Kf is 
weakly compact in L^{iif)- By (17. ip we obtain c > such that 



Fix / G A arbitrary. Then d(/, K) < + e, so there is g e K with ||/ - g\\ < 
uj{A)+e. Then 

<u;(A)+£ + / (|5| -c)+d/iF+ / |<?|(l-XF^)cl/i 



Thus 



< uj{A) + 3e. 



sup /(|/|-cXFj+d/x<a.(A) + 3£. 
feA, 



As e > is arbitrary, we get the inequahty '>'. □ 
The last result of this section finishes the extension of Proposition !?, ll to arbitrary 

Theorem 7.5. Let X — L^{p), where ^ is an arbitrary non-negative a-additive 
measure and A (Z X he a hounded set. Then io{A) — wkx {A) = wckx (^). 

Proof. Let A C L^{n) be a bounded set. It is enough to prove that wckx {A) > 
uj{A). This will be done using Proposition 17. 1[ Lemma 17.21 (or, more exactly, 
claims in the respective proofs) and the formula from Lemma 17.41 We will proceed 
in several steps. 

Step 1: There is a sequence (fk) in A such that for each subsequence we 
have w({//c„ : n G N}) = 

For each / e L^ilJt) set En{J) = : |/(i)| > ^}. Let us remark that all the sets 
En{f) have obviously finite measure. 

By induction we will construct for each fc G N a function fk G A and a set Ek of 
finite measure. 

We start by choosing fi^A such that / |/i| > io(A) — 1. This is possible by 
Lemma 17.41 

Having constructed /i, . . . , J^, set Ek — U • • • U Ek{fk)- Then Ek is a set 

of finite measure and hence there is some fk+i G A such that 

{\fk+l\-kxEy<^^^>^{A) ^ 



k + 1 



This is possible again due to Lemma [7.41 

This completes the inductive construction. We claim that the sequence {fk) has 

the required properties. This will be done using Lemma [TjH 

Set EoD = UfeGN ^fe- Then all the functions fk are equal to zero outside Eoo- Let 
be a set of finite measure and c > be arbitrary. Fix an arbitrary e > 0. We 

can find n G N such that n > c, ^ < | and ^{{E n Eoo) \ En) < Then for each 
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k > n we have 



(I// 



fc+i 



(l/fe+il -cXB)+d/x 



> 



/ (|A.+i|-cXs)+d/i+ / 

JEk JE 

(|/fe+i|-c)+dA* + 



(l/fc+i| -cXB)+d/x 



(l/fe+il -cXs 



'Eos \Ek 

d/i — 



(l/fe+l| -CXB)+d/i 



(l/fe+ll "CX£;)+d/i 



l/fe+i|dM 



> 



> uj{A) - 



>uj{A) 



Eoc\Ek 

(l/fc+il -fcXfi, 

1 



d/i — 



k + 1 
1 



(l/fc+ll - (l/fc+ll -CX£;) + )d/i 

(l//c+i|-(|/fe+i|-c) + )dM 



1 



This completes the proof of Step 1. Indeed, let be a subsequence of (/t). 

Let -E be a set of finite measure, c > and £ > 0. By the previous paragraph, 

(l/fcj -cX£;)+dAi > uj{A)-e 

for kn large enough. Hence 

w({/fc„ : n e N}) > - e 

by Lemma [7.41 Since e > is arbitrary, we get Ld{{fk„ : n e N}) > i^{A). The 
converse inequality is obvious. 

Step 2. Let — {fk ■ k £ N}, where (fk) is the sequence from Step 1. Set 
9 = M\e>0:{3E, fi{E) < ^){yf e Ao){ f |/|(1 - Xb) d/i < e) 



By Lemma [7.21 we get wckx (^o) ^ ^- (Indeed, let and be as in the proof 
of Lemma 17.41 Then 6 is not greater then the quantity from Lemma I7.2p . In 
particular, we have 6 < uj{Aq) and, if 9 — ll!{Aq), then wckx (^o) = '^(^o) ^-nd 
hence wckx (A) > wckx (Aq) = w(j4o) = /^{A) and the proof is finished. 

So suppose that 9 < uj{Ao) and fix an arbitrary e G (0, ^{uj{Ao) — 9)). By the 
definition of 9 we can find Eq with ^jl{Eo) < oo such that for all / £ we have 
/ 1/1(1 d/i <0 + £. 

Step 3. Let E^ and /i-y be as in Lemma [7.41 such that there is 70 € F with 
E^g = Eq. Let Ho denote the restriction of the measure /i to Eq. By the claim in 
the proof of Lemma [7.2^ 1). there is a subsequence (/fc„) of (fk) such that 



>((?-4e)^|A,| 



for each n e N and any choice of scalars Ai, . . . , A„. 
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(l/fcJXiJo -cXfiJ+dAio = J (l/fcj -cXBJ+d/i- 
>w(A)-(5-e'-e. 



Step 4. Set Ai {/fe„ : n e N}. By Step 1 we have uj{Ai) = uj{Ao) = uj{A). 
Further set A2 = {fk„XEo -neN}. Then uj{A2) > uj{A) - 6* - e. 

Indeed, it follows from Lemma 17.41 that for each c > and ^ > there is n G N 
with / (|/fc„ I - cx„ )+ d^ > uj{A) - S. Then 



\fkJ{l-XEo)df^ 



So, 01(^2) > (^{A) — (5 — — e by Proposition 17. II Since 5 > is arbitrary, ^(^2) > 
uj{A)^e~e. 

Step 5 . By the claim in the proof of Proposition 17.11 there is a subsequence 
(/fc„ .) and sequences (uj), (vj) and (wj) in L^(^o) C X such that 

• /fc„^. Xeo = + + ^3 foi" i £ 

• {uj) is weakly convergent, 

• \\vj\\x < 2£ for j G N, 

• IIEj=iA,w^jl|x > -^?-4e)^;^JA,|, n G N and Ai,...,A„ are 
scalars. 

Step 6. Conclusion. We have 

/fc„^. = + Vj + Wj + /fe„^. (I-Xeo) 
for each j G N. Further, 



^A,(w;,+(1 





n 








+ 









J2^3i^~XEo)fk., 



>KA)-8e)5]|A,| 

for arbitrary scalars Ai, . . . , A„ and n G N. 

Now, in the same way as in the proof of Proposition 17.11 we can show that 
d{f**,X) > uj{A) - lOe whenever /** is a weak* cluster point of {fk„.)- It follows 
that wckx (A) > uj{A) — lOe. Since e > is arbitrary, this completes the proof. □ 

We remind that the quantity lu(A) can be explicitly computed, see Lemma 17.41 
for the general case and Proposition 17. II for the case of finite /i. 



Corollary 7.6. Every L^{n) space, where /i is an arbitrary non-negative a-additive 
measure, has the dual quantitative Dunford- Pettis property. 

Proof. The fact that L^{n) spaces have the Dunford- Pettis property, assertion (vii) 
of Theorem 15.21 and Theorem 17.51 immediately imply condition (v) in Theorem 15.51 

□ 



8. Direct quantification for C{K) spaces 

In this section we prove that Coo spaces possess the direct quantitative Dunford- 
Pettis property. Using the results of the previous section we prove exact results for 
C{K) spaces (or, more generally, for preduals) and for preduals of i'i(r). At the 
end of this section we transfer these properties to £00 spaces. 
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Theorem 8.1. Let X be an predual, i.e., a Banach space such that X* is 
isometric to L^{n) for a non-negative a -additive measure /i. In particular, X can 
he the space Cq{VL) for a locally compact Hausdorff space VL, or the space A{K) of 
continuous affine functions on a Choquet simplex K . Let Y be any Banach space 
and T : X ^ Y a hounded linear operator. Then 

wky (T) < 2wkx- (T*) < 2a;(T*) = 2wkx. (T*) < 4wky (T) < Auj{T), 
cc (T) < 2cj(r*) = 2wkx. (T*) . 

The first line of inequalities follows from (|2.8p . (|2.5|) and Theorem 17.51 It shows 
the equivalence of quantities wky (T), wkx» [T*) and oj{T*). We do not know 
whether in this case the quantity uj{T) is also equivalent with the other three 
quantities. 

The second line shows the direct quantitative version of the Dunford- Pettis prop- 
erty and follows from the first line and Theorem l5.2f ii) using the fact that pre- 
duals have the Dunford-Pettis property. 

We continue by a stronger version of Theorem l8.1l in the special case of X* being 
isometric to the space ^i(r). 

Theorem 8.2. Let X he a Banach space such that X* is isometric to ^i(r) for a 
set F. In particular, X can he the space C{K) for K scattered compact space or the 
space Co(r). Let Y he any Banach space and T : X ^ Y a hounded linear operator. 
Then the following inequalities hold. 

wky (T) < uj{T) < x(T) < cc (T) 

< 2w(r*) = 2x(r*) = 2wkx>- (T*) < 4 wky (T) . 

The theorem follows from Theorem 16.31 and Proposition 17.31 and shows that in 
this case weakly compact operators, completely continuous operators and compact 
operators coincide and, moreover, all the quantities measuring non-compactness, 
weak non-compactness and non-complete continuity are equivalent. So, the spaces 
satisfying the assumptions of Theorem l8.2l have both the direct quantitative Dunford- 
Pettis property and the quantitative reciprocal Dunford-Pettis property. 

Dunford-Pettis property is of course not hereditary - each Banach space is a 
subspace of a C{K) space, but not every Banach space has the Dunford-Pettis 
property. However, the subspaces of Cq are known to have the Dunford-Pettis 
property. There is a quantitative strengthening of this result: 

Theorem 8.3. Let X he a Banach space which is isometric to a suhspace of the 
space Co(r) for a set F. Let Y he any Banach space and T : X ^ Y he any hounded 
linear operator. Then the following inequalities hold: 

wky (T) < w(r) < x(T) < cc (T) 

< 2w(T*) = 2x(T*) < Swkx* (T*) < 16 wky (T) . 

The theorem follows from Theorems 16.51 and 16.71 

Finally, the last theorem of this section proves the direct quantitative Dunford- 
Pettis property for every Coo space in general. We will use the following easy 
proposition. 
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Proposition 8.4. Let X and Y be Banach spaces such that Y is isomorphic to a 
complemented subspace of X . If X has either version of the quantitative Dunford- 
Pettis property then Y has the same version of the quantitative Dunford- Pettis 
property. 

Proof. It is obvious tliat botli versions of tlie quantitative Dunford-Pettis properties 
are preserved by isomorphisms (only the respective constants may change). So, 
suppose that y is a complemented subspace of X. Let Q be a bounded linear 
projection of X onto Y . 

Suppose first that X has the direct quantitative Dunford-Pettis property, i.e., 
there is C > such that cc (T) < C wkz [T) whenever T : X ^ Z is &\i operator 
and Z is a Banach space. To show that Y has the same property, fix any Banach 
space Z and an operator T : Y ^ Z. Since By C Q{Bx) C we have 

cc (T) < cc (TQ) < Cwkz {TQ) < C\\Q\\ wkz (T) 

and we are done. 

Now suppose that X has the dual quantitative Dunford-Pettis property, i.e., 
there is C > such that cap^ (xn) < C6 {xn) for each bounded sequence (a;„) in X. 
So, let (xn) be a bounded sequence in Y. Then d (a;„) is the same when considered 
with respect to X or with respect to Y . Further, Q* is an isomorphic embedding 
of F* into X*, in particular Q*{By') C so cap^ < \\Q\\ cap^ (a;„). It 

follows that ca,pY {xn) < C\\Q\\6 (xn) and the proof is completed. □ 

Theorem 8.5. Every Coo space X has the direct quantitative Dunford-Pettis prop- 
erty. 

Proof. By [20l pp. 57-58], X* is isomorphic to a complemented subspace of some 
L-^in) space Y. By Corollarv 17.61 Y has the dual quantitative Dunford-Pettis 
property. Therefore, by Proposition l8.4[ X* also has the dual quantitative Dunford- 
Pettis property. Consequently, using Theorem 15 . 71 ^ b) . X has the direct quantitative 
Dunford-Pettis property. □ 

Corollary 8.6. Every Ci space has the dual quantitative Dunford-Pettis property. 

Proof. This follows from Theorem I5.7f a') and the fact that the dual of every Ci 
space is an £oo space, see [20l p. 58]. □ 

9. Dual quantification for C{K) spaces 

In this section we show that Coo spaces enjoy the dual quantitative Dunford- 
Pettis property. The first step is again an exact result on C{K) spaces. 

We start by the following proposition. Its first part is a quantification of the fact 
that in C{K) any bounded pointwise convergent sequence is weakly convergent. 
The second part is a quantitative version of the EgorofF theorem. 

Proposition 9.1. Let K be a compact space and let {fn) be a bounded sequence of 
continuous functions on K. Then the following assertions hold. 

(i) (5 (/„) = sup inf sup \f^{x) - fj{x)\. 

(ii) Let fj, be a positive Radon measure on K . Then for any e > there exists 
a compact set L G K such that ^{I'C \ L) < e and ca (/n |L) £ ^ {fn), where 
the sequence of functions {fn\L) is considered in C{L). 
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Proof, (i) The inequality '>' is obvious. Let us prove the converse one. Denote by 
c the quantity on the right-hand side. For n G N we define the function 

gn{x) = sup \fi{x) - f-j{x)\, X e K. 

i,j>n 

Then gn is a non- negative lower semicontinuous (and hence Borel) function on K . 
Let 1/ G Bqi^x)" be arbitrary. By the Riesz representation theorem we identify f 
with a signed or complex Radon measure on K. Then 



inf sup 



= / inf (7„d|j/| < / cd\v\ < c. 

J neN J 



The only equality in this computation follows from the monotone convergence the- 
orem, all the inequalities are trivial. Since i5 (/„) is the supremum of the quantities 
on the left-hand side over /i G Bc{k)*, we get 6 {fn) < c and conclude the proof, 
(ii) For any two natural numbers m and k we define 

Qm,k = Ix e K : sup \fi(x) - fj{x)\ > S (fn) + ^ 

The sets Qm,k are open in K, Qm+i,k C Qm,k, and flm = ^- It follows that 
fJ'{Qm,k) — i> as m — i> oo. One can therefore choose so that ^i(Qmk,k) < If 
X belongs to K \ Qmk,k, we have 

1 

k 

for any i,j > nik- It suffices to take L ^ K \ [J^. Qmk,k- D 



\h{x)- fj{x)\<5{U 



We will need the following well-known characterization of weakly compact sub- 
sets of L^in). 

Lemma 9.2 (Dunford-Pettis, see |10[ Theorem 4.21.2]). Let fi he a positive Radon 
measure on a compact space K. In order that a subset P of L^{^) be relatively 
weakly compact, it is necessary and sufficient that the following conditions be ful- 
filled: 

• sup{/ \f\dfi : / e P} < oo. 

• Given e > 0, there exists a number ^ > such that 



sup|^|/|dAi:/ep| <£ 
provided A a K is measurable and fJ.{A) < S. 



The following lemma is the key step to prove the dual quantitative Dunford- 
Pettis property of C{K) spaces. 

Lemma 9.3. Let K be a compact space and ^ be a positive Radon measure on K . 
Consider L^{p) canonically embedded into C{K)* . Then for any bounded sequence 
{fn) in C{K) and any relatively weakly compact subset P o/i?Li(/j) ™e have 

inf sup{(7p(/j - /j ) : «, j > ^o} < <5 (/«) • 
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Proof. Without loss of generality, let us assume that ||/„|| < 1 for every n e N. Let 
e > 0. Using Lemma [9.21 we first choose (5 > so that for any measurable set A 
satisfying fi{A) < S, one has 

\h\dfi < J 

A 4 

for all h a P. By Proposition 19. 11 we may choose a compact set L C K such that 
li{K \ L) < S and ca < 5 (/«). It follows that for any h in P, uq G N and 

hj ^ fi-o £ one has 



K 



< 



L JK\L 



< sup ||(/fc-/0|L||+2 
kd>nQ 



Since the right-hand side tends to ca(/„|i) + | as riQ — oo, we can determine 
rti G N independent of ft, in P such that i,j > rii entails 



< S (/„) + s 



for all h in P. This concludes the proof. □ 

Theorem 9.4. Let K be a compact space. Then for any bounded sequence (fn) in 
C{K) we have 

cap (/„) = 5 (/„) . 

In particular, C (K) has the dual quantitative Dunford- Pettis property. 

Proof. It is enough to prove cap (/„) < S (fn), since the other inequality is always 
true. Let iJ be a weakly compact subset of Buf^^y. In order to establish that 

inf sup{gff(/, - fj) : i,j > uq} < 6 (/„) , 

noSN 

it suffices to prove this inequality for any countable subset of H. So we may assume 
that H is countable a relatively weakly compact. 

As in the proof of jTUl Theorem 9.4.4], the problem is reducible to the case in 
which H = {h ■ fi : h G P}, where fi is a certain positive Radon measure on K and 
P is a relatively weakly compact subset of L^{n). Indeed, let H — {fin : n G N}. 
Then fx — Yl, is a positive Radon measure on K. We define u : L^{n) C{K)* 
by u{h) — h ■ fi for every h G L^{fj,). Since each /i„ is absolutely continuous relative 
to /i, u{L^{p)) contains each Moreover, u is an isometric isomorphism of L^in) 
onto a closed subspace of C{K)* containing H. 

Application of Lemma 19.31 now finishes the proof. □ 

Corollary 9.5. Let ^ be a non-negative a-additive measure. Then the space X = 
L^{n) has the direct quantitative Dunford- Pettis property. Moreover, 

cc (T) < 4wkx. (T*) 

whenever Y is a Banach space and T : X Y an operator. 

Proof. The space X* is a C(i4r)-space, so it is enough to use Theorem 19.41 and 
Theorem 15.71 Let us prove the 'moreover' part. By Theorem 19.41 the space X* 
satisfies the condition (iv) of Theorem [53] with C = 1. By Remark [5.81 the space X 
satisfies the condition (iv) of Theorem 15.41 with C = 1 as well. It follows from the 
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proof of the implications (iv) =► (v) and (v) (i) of Theorem 15.41 that X satisfies 
the respective condition (i) with C = 4. This completes the proof. □ 

Theorem 9.6. Every Coo space X has the dual quantitative Dunford- Pettis prop- 
erty. 

Proof. By f^Uf pp. 57-58], X* is isomorphic to a complemented subspace of a space 
of the form L^{ti) for a non-negative cr-additive measure /i. Hence X* has the 
direct quantitative Dunford- Pettis property by Corollary 19.51 and Proposition 18.41 
Consequently, X has the dual quantitative Dunford-Pettis property by Theorem l5.7l 

□ 

Corollary 9.7. Every L\ space has the direct quantitative Dunford-Pettis property. 

10. Some examples 

In this section we present two examples - the first one is a detailed version of 
Example 15. 101 the second one compares the quantities wk (•) and io{-) in the space 
co(r). It is used to formulate the first example in a more precise way, but it is 
simultaneously of an independent interest. 

Example 10.1. There is a Banach space X with the following properties 

(i) The space X* is a separable L-embedded space with the Schur property. In 
particular, X* has the direct quantitative Dunford-Pettis property and X 
has the dual quantitative Dunford-Pettis property. 

(ii) There is a sequence (An) of subsets of Bx* such that w(A„) = x(A„) > ^ 
for each n G N and wkx* (^n) -> 0. 

(iii) There is a sequence (Tn) of bounded linear operators T„ ; X — > co such that 
\\Tn\\ < 2, cc (T„) > 1 for each neE and uj{Tn) = wk^^ (r„) ^ 0. 

(iv) The space X does not have the direct quantitative Dunford-Pettis property 
and X* does not have the dual quantitative Dunford-Pettis property. 

(v) The space X X* has the Dunford-Pettis property but does not have any 
of the two variants of quantitative Dunford-Pettis property. 

Proof. We will construct the space X and operators r„ satisfying the conditions (i) 
and (iii). Then the assertions (iv) and (v) will be satisfied automatically. Indeed, 
it follows from (iii) that X does not satisfy the condition (vi) of Theorem 15.41 
and thus X does not have the direct quantitative Dunford-Pettis property. Using 
Theorem l5.7l we then conclude that X* has not the dual quantitative Dunford-Pettis 
property, which completes the proof of the assertion (iv). Further, by (i) both X 
and X* have the Dunford-Pettis property, hence so does X © X* . It follows from 
(iv) and Proposition 18.41 that X © X* does not have any of the two quantitative 
versions of the Dunford-Pettis property. 

Let us continue by describing the space X and the operators r„. Fix an arbitrary 
a > 0. Set 

Ba = aBca + Bi^ C Co. 
Since Bi-^ is weakly compact in cq, Ba is the closed unit ball of an equivalent norm 
on cq. Denote this space by X^ and the identity mapping oi Xa onto cq by /„. Then 
la is an onto isomorphism and ||/a|| = 1 + a. So, in particular Xa is isomorphic 
to Co and hence X* is isomorphic to £i . The norm on X* is easily computed to be 
given by the formula 

l|a;*||; = a||a;*||i + ||a;*||oo. 
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Further, X** is isoniorphic to loo and by the Goldstine theorem the closed unit bah 
is equal to 

The third dual X*** is isomorphic to £^ — Af(/3N), the space of aU (signed or 
complex) Radon measures on the Cech-Stone compactification of N. The norm is 
given by the formula 

iiMiir = «iiA^iiA/(^N) + ii(/i{fc})r=iiioo. 

It follows that X* is i-embedded. Indeed, the respective projection of X*** onto 
X* can be defined by 

Moreover, X* has the Schur property, as it is isomorphic to ^l. 
Further, let 

VneN 

Then 

VnGN 

in particular, X* is an £i-sum of X-embedded separable spaces with the Schur 
property, thus it is a separable L-embedded space (by [I9J Proposition 1.5]) and 
has the Schur property as well (this follows by a straightforward modification of 
the proof that li has the Schur property, see [TTl Theorem 5.19]). It follows that 
the assertion (i) is satisfied (using, moreover. Proposition 16.21 and Theorem 15. 7p . 

Denote by P„ the projection of X onto the n-th coordinate and set r„ = /i/„P„. 
As ||P„|| = 1, we have ||r„|| < 1 + i < 2. 

Further, fix an arbitrary nGN. 

Let (xfe) be the canonical basis of (embedded in X). Then [xk) is a weakly 
Cauchy sequence in Bx and ca {TnXk) = 1. Thus cc (r„) > 1. 

Further, w(r„) < i, as T„Bx = Si/„ = B^^ + ifico and Be,^ is weakly compact 
in Co. Hence a;(r„) 0. Since wkc„ (r„) < w(T„) by (gH), we get wk^o (T„) ^ 
as well. That in fact wkcg (T„) = a;(T„) follows from Proposition llO. 21 below. This 
completes the proof of the assertion (iii). 

It remains to prove the assertion (ii). To do that it is enough to set An = 
^T*(i?£j. To verify it let us consider the operator T* : £i X*. We have 
T* = P*I*^^. The operator P* is the injection of X*^^ into X* (made by setting 
other coordinates to be 0). Further, operator /* is the identity of £i onto X*. In 
particular, let (cfc) be the canonical basic sequence in X*. Then Hefe — e/||* = 2a + 1 
for k,l G N distinct, thus ca (cfc) > 1. In particular, /3(/*) > 1. As P* is an 
isometric embedding, we have fi{T*) = P{Ii/n) > ^- Since X* has the Schur 
property, using (|2^ we obtain uj{T*) = xiT*) > ^, thus w(A„) = Xi^n) > j- 

Finally, using (ii) and (|2.8I) we have 





wkx* (A„) = - wkx. (T:) < wk,„ (T„) ^ 0. 



QUANTITATIVE DUNFORD-PETTIS PROPERTY 



45 



This completes the proof. Anyway, let us estimate wkx* {T*) explicitly. Let us 
first notice that wkx- (T*) < wkx*^ (^V") isometric embedding). 

So, let us estimate wkx* 

We have I*{Bi-^) = Bg^ C X*. By the Goldstine theorem its weak* closure in 
X*** is equal to Bm{pn)- Fix any ^ e i?A/(/3N)- Then ^|n £ X* and 

IIm - mInIIT* = "IIm - m|n||m(/3N) < a, 



thus 

It follows that 



Wkx; (la) d(SM(/^N),-'^a) < 

wkx. (r„*) < wkx./„ (/r/„) < ^ ^ 0. 



□ 



The following proposition was used in the previous example to precise the for- 
mulation. Anyway, it is of independent interest as it is a partial answer to a general 
open question (see the next section). 

Proposition 10.2. Let X = cq{T) for a set T. Then wkx (A) = uj{A) for any 
bounded set A C X . 

Moreover, if K C X** is weak* compact, then there is weakly compact set L <Z X 
withd{K,L) = d{K,X). 

Proof. It is enough to prove the 'moreover' statement. Indeed, wkx (A) < u}{A) by 
(|2.5p . Conversely, wkx (A) = d{A^ ,X) and A™ is weak* compact in X**. If we 
are able to find L C X weakly compact such that d(^'" , L) — d(yl™ , X), then 

uj{A) < d{A, L) < d(A^* , L) = d(:4"'* , X) = wkx (A) . 

So, let us prove the 'moreover' statement. The space X** is canonically identified 
with €oo(r) and the weak* topology on bounded sets coincides with the topology 
of pointwise convergence. Fix an arbitrary c > and define the mapping ^'c : 
£oo{T) £oo(r) by the formula 



*c(a;)(7) 




if |x(7)| < c, 
fm) ifW7)l>c. 



Then is pointwise-to-pointwise continuous. Moreover, ||\I'c(x) — a;|| < c for each 
X e ioo{T) and *c(a;) G co(r) if and only if d(x,co(r)) < c. Indeed, 

d(a;,co(r)) = inf{ sup |x(7)| : F C F finite}. 

7Gr\_F 

So, let K C X** be weak* compact. Set c = d{K, X). Then L = Pc{K) is contained 
in X, it is weakly compact and d{K,L) < c. This completes the proof. □ 

11. Open problems 

In the final section we collect some open questions which arised naturally during 
our research. 



Question 11.1. Let X — C{K) (or, more generally, let X be an Li predual). Are 
the quantities uj{-) and wkx (•) equal, or at least equivalent? 
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By Proposition I10.2| the two quantities are equal for X = co(r). It follows 
that they are equivalent for X = C{aV)^ the space of continuous functions on the 
one-point compactification of the discrete space F, as this space is isomorphic to 
co(r). However, we do not know whether even in this easy examples the quantities 
are in fact equal. We also do not know what happens for general C{K) spaces, in 
particular for C([0, 1]). 

The fact that this question is interesting and may be rather hard is illustrated by 
the fact that from the positive answer it would easily follow that Eberlein compact 
spaces are preserved by continuous mappings. This is a well-known but nontrivial 
result. Let us comment this connection in a more detail. Recall that a compact 
space K is called Eberlein if it is homemomorphic to a subset of (X, w) for a Banach 
space X. 

So, suppose that the previous question has positive answer. Let K he a, con- 
tinuous image of an Eberlein compact space. Then the space C{K) is easily seen 
to be isomorphic to a subspace of a weakly compactly generated space. Using 
Theorem 12.31 and our assumption we get that C (K) is in fact weakly compactly 
generated (we remark that we use only the easy implication of the second state- 
ment of Theorem 12. 3|) . Hence, K is easily seen to be an Eberlein compact space. 

Question 11.2. Let X — C{K) (or, more generally, let X he an Li predual). Let 
Y be any Banach space. Ls the quantity cc (•) equivalent to cj(-) and wky (•) for 
operators from X to Y ? 

By Theorem 18.21 the answer is positive for K scattered (or, more generally, if 
X* is isometric to ^i(r)). We do not know what happens for non-scattered K, 
in particular for C([0,1]). This question is natural as C{K) spaces do have the 
reciprocal Dunford- Pettis property by [HI Theorem 4]. Hence, we ask whether 
these spaces enjoy a quantitative version of the reciprocal Dunford-Pettis property. 

Question 11.3. Let X be a Banach space. Suppose that there is C > such that 
for each operator T : X — > cq we have cc (T) < C wkc^ (T) . Does X have the direct 
quantitative Dunford-Pettis property? 

By Theorem 15.11 the space X does have the Dunford-Pettis property. Further, 
to ensure that X has the direct quantitative Dunford-Pettis property it is enough 
that such an inequality holds for operators from X to £ao. It is not clear whether 
£oo can be replaced by cq. The space X from Example 110.11 which fails the direct 
quantitative Dunford-Pettis property fails this property also for operators to cq. 

Question 11.4. Let X be a Banach space. Suppose that there is C > such that 
for each Banach space Y and each operator T : X Y we have cc (T) < Cuj{T). 
Does X have the direct quantitative Dunford-Pettis property? 

The stated property is a formally weaker version of the direct quantitative 
Dunford-Pettis property (see Theorem I5.4f vi') and (|2.4p ). We do not know any 
example showing that this property is really weaker, the space X from Exam- 
ple 110.11 fails even the weaker version. Let us remark that the positive answer to 
Question 111.31 implies the positive answer to the present question due to Proposi- 
tion [1021 Moreover, the positive answer to Question lll.il also implies the positive 
answer to the last question. Indeed, by Theorem 15.41 it is enough to consider oper- 
ators T : X ^ £ao and loo is a C{K) space. 
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Question 11.5. Suppose that X is a Banach space such that X* satisfies the dual 
quantitative Dunford-Pettis property. 

(a) Does X* have the direct quantitative Dunford-Pettis property? 

(b) Does X have the dual quantitative Dunford-Pettis property? 

It follows from Theorem 15.71 that the positive answer to (a) implies the posi- 
tive answer to (b). Example 110.11 shows that the two versions of the quantitative 
Dunford-Pettis property are incomparable in general. However, it does not an- 
swer the above question. In particular, we do not know whether X** has the dual 
quantitative Dunford-Pettis property if X is the space from Example llO.il 

Question 11.6. Does the dual of any isometric subspace o/co(r) have the 1-Schur 
property? 

This question asks whether the constant 2 in Theorem 16.71 is optimal. Let us 
remark that the answer is positive for hyperplanes of co(r), but we do not know 
what happens for subspaces of codimension 2. 
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